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Abstract. In an incomplete semimartingale model of a financial market, we consider several
risk-averse financial agents who negotiate the price of a bundle of contingent claims. Assum-
ing that the agents’ risk preferences are modelled by convex capital requirements, we define
and analyze their demand functions and propose a notion of a partial equilibrium price.
In addition to sufficient conditions for the existence and uniqueness, we also show that the
equilibrium prices are stable with respect to misspecifications of agents’ risk preferences.
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1. INTRODUCTION

In complete market models, the price of a contingent claim is simply given by its replication cost. In
the more realistic, incomplete models, the arbitrage-free paradigm typically fails to produce a unique price
and yields only a price-interval. The presence of unhedgeable claims - due to the aforementioned market
incompleteness - necessitates the introduction of another fundamental principle whenever one wants to
produce a unique value for a given contingent claim. The long history of empirical inquiry into human
behavior under risk dictates that this additional component is related to some numerical measure of risk-
aversion, idiosyncratic to the agent valuing the claim. The majority of the existing literature uses agents’ risk
preferences to induce a subjective “pricing” mechanism which provides bid and ask prices for a claim payoff
(consider for instance the indifference- or marginal-utility-based price concepts; see, e.g., the references in
[15]). In reality, however, the observed price of any claim is always a result of interaction among a number
of agents. In fact, the very notion of a “price” makes sense only as the observed quantity at which a

transaction between two (or more) agents already took place; consequently, what is called pricing in the
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bulk of the contemporary literature should rather be referred to as wvaluation. We abstain from such a
renaming in order to keep in line with the already established terminology.

In the present paper, we consider several risk-averse financial agents who negotiate the price of a fixed
bundle of claims, and we propose a partial-equilibrium pricing scheme in the spirit of the classical general-
equilibrium theory. We place ourselves in a (liquid) financial market model driven by a locally-bounded
semimartingale, fix a time horizon T' > 0 and assume that each agent’s risk preferences and investment goals
are abstracted in the notion of an acceptance set. Roughly speaking, this set includes all the positions with
maturity up to time T that the agent deems acceptable at time 0. Following the literature of convex risk
measures, we assume that each acceptance set satisfies certain standard properties, such as monotonicity
and convexity. An additional property that relates the agents’ acceptance sets to the liquid market and
the set of admissible strategies is also imposed (see Axiom Az4 on page 5). Thus axiomatized acceptance
sets are naturally identified with capital requirements (or risk measures); intuitively, the (convex) capital
requirement of a payoff is the minimum amount of money which, when added to the payoff, creates a position
in the acceptance set.

The notion of risk measure was introduced to mathematical finance in the late nineties (see [3]) and has
captured a large part of the research activity in this field since (see, among others, [18] and [25], as well as
Chapter 4 in [27] and references therein). Convex risk measures in the context of a liquid financial market
were first studied in [16] and [25] (see also [26] and section 4.8 of [27]). In [25], a convex risk measure is
defined in the presence of a financial market, where the agent is allowed to trade in discrete time and under
specific convex constrains. In [16], a pricing scheme for non-replicable claims based on risk measures is
proposed in a finite-probability-space model. The abstract definition of a convex capital requirement and its
dual representation for a large family of models was given in [28] and [5]. For the dynamic version of convex-
risk-measure-based pricing in an incomplete market setting, we refer the reader to [4] and [36] and, for the
sufficient conditions for existence of an optimal trading strategy that makes a contingent claim acceptable,
to [46] and [41].

Having described the decision-theoretic set up, we focus on the interaction of I > 2 agents, who have
access to (possibly) different financial markets, and we define mutually agreeable bundle. Given a bundle
of contingent claims B = (Bj, Bs, ..., B,), we start by introducing the set of its allocations, i.e., the set of
matrices that represent the feasible ways of sharing B among agents. Then, we say that a pair (B, a), of a
bundle B and its allocation a, is mutually agreeable if there exists a price vector p, at which re-allocation
of B according to a is acceptable to every agent at price p. This is a generalized version of the notion of
mutually agreeable claims given in [2]. In section 3, we study its properties and relate it to the well-known
notion of Pareto optimality.

For models that include uncertainty, the concept of a Pareto optimal allocation was first analyzed in the
insurance/reinsurance context in [8], [29], and [12] and further developed in [10], [11] and [45]. More recently,
the issues related to Pareto optimality and design of an optimal contract were studied in the more general
settings of convex (coherent) risk measures (see, e.g., [4], [6], [13], [24], [31] and [34]). In the presence of a
financial market, this problem was addressed in [5] and [36]. Recently, in [23] (see also [31]), the concept
of Pareto-optimality has been used to determine an equilibrium pricing rule, where the term “pricing rule”
refers to a finitely additive measure (an element of the dual of L°°). More precisely, the authors provide
sufficient and necessary conditions for the existence of a Pareto optimal allocation of agents’ endowments,
from which an equilibrium pricing rule is induced (in fact, the equilibrium pricing rule is the super-gradient
of the representative agent’s risk measure).

In this work, instead of establishing an equilibrium pricing rule from a Pareto optimal allocation, we take

a more direct approach and apply the classical market-clearing arguments to derive a partial equilibrium
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price for a bundle B of claims (in addition to a liquid incomplete financial market). Provided that the
agents are not already in a Pareto-optimal configuration, an agent’s demand of the vector B at a price p
is defined as the number of units of B that the agent is willing to buy at price p. An equilibrium price
for B is, then, the price at which the sum of agents’ demands is equal to zero for each component of B
and the resulting re-allocation of the bundle B is called the partial equilibrium allocation. In section 4, we
give sufficient conditions for existence and uniqueness of the partial-equilibrium price and allocation and we
relate it to the notion of agents” agreement. This result generalizes Theorem 5.8 in [2], where the case of two
agents with exponential utility functions is considered.

Having settled the problem of existence and uniqueness of the partial-equilibrium price, we turn to the
following question: How is the equilibrium price-allocation affected by (small) perturbations of the agents’
decision criteria? This problem is of considerable importance, since estimation of the shape of each agent’s
acceptance set is an extremely difficult task. It is therefore reasonable - in the spirit of Hadamard’s require-
ments (see [30]) - to ask that any result, which uses acceptance sets as exogenously given, should satisfy
adequate stability criteria. Despite its importance, the problem of stability of equilibrium prices with re-
spect various problem primitives has not been previously studied in the context of continuous-time finance.
Well-posedness of various “single-agent” optimization problems, on the other hand, has been extensively
studied and has always been an important part of the optimization theory (standard references on stability,
and, more generally, well-posedness of variational problems are [38], [43] and [21]). However, stability of the
agent’s investment decisions in the presence of a financial market has only recently been investigated, and
only for cases of utility function maximizers (see [14], [33], [35], [37]). Stability of problems related to the
more general notion of a convex risk measure has still not been studied. In our setting, as demonstrated
in Theorem 4.10, the problem of existence of the partial-equilibrium price can be viewed as a minimization
problem of the sum of the agents’ capital requirements. Considered as such, its stability can be guaranteed
by certain conditions on allowed perturbations of the agents’ acceptance sets. The central notion in this
analysis is the one of Kuratowski convergence; it is applied to sets of “acceptable” numbers of units of the
given bundle of claims and provides a framework for sufficient conditions for stability. As special cases, we
consider the set-ups of [32] and [35], where agents’ risk preferences are modelled by utility functions.

The structure of the paper is as follows: In section 2, we describe the market model, introduce necessary
notation and state some properties of the agents’ acceptance sets and capital requirements. In section 3, we
define and discuss the notion of mutually agreeable claim-allocations and analyze its relation to the Pareto
optimality. Partial-equilibrium price-allocation is introduced in section 4, where an existence and uniqueness
result is provided and discussed. Finally, in section 5 we exhibit conditions on specification of the agents’

acceptance sets that yield stability of the equilibrium price.

2. THE MARKET SET-UP

2.1. The Liquid Part of the Financial Market. Our model of the liquid part of the financial market is
based on a filtered probability space (2, F,F,P), F = (]:t)te[o,T]’ T > 0, which satisfies the usual conditions of
right-continuity and completeness. There are d+1 traded assets (d € N), whose discounted price processes are
modelled by an R?*!—valued locally bounded semimartingale (St(o); St)ielo,1) = (St(o); St(l), ceey Sgd))te[om.
The first asset St(o) plays the role of a numéraire security or a discount factor. Operationally, we simply set
St(o) =1, for all ¢t € [0, T], P—a.s. We also impose the assumption of no free lunch with vanishing risk (see
[20]). Namely, we define

M, ={Q <« P: S is a local martingale under Q}
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and
M. = {Q is equivalent to P : S is a local martingale under Q}

and make the following standing assumption.
Assumption 2.1. M, # 0.

We allow the possibility that the liquid part of the financial market is incomplete, i.e., that M, is not a

singleton.

Remark 2.2. Speaking broadly, the local boundedness condition imposed on the the price process is not
necessary for a large portion of our results to hold (mutatis mutandis). The main reason we do impose it
has to do with the technical, terminological and notational overhead that we would have to bear otherwise.
In particular, we would need to introduce more complicated, and significantly less economically defensible
admissibility constraints (see the following subsection). Such a generalization - while requiring much more

effort on the part of the reader - would not, in our opinion, bring forth anything essentially new.

2.2. Admissible Strategies. For o-algebra G C F, L(G) denotes the set of all P—a.s. equivalence classes
of G-measurable random variables, and L>°(G) the set of all (classes of) essentially bounded elements of
L°(G). When the underlying o-algebra G is omitted, it should be assumed that G = F. Shortcuts B+ C =
{X+Y :XeB, Ye(}, B={-X:XeB},By={XeB:X>0as},B.={XebB: X<
0, a.s.} for B,C C L% = LO(F), will be used throughout.

A financial agent (with initial wealth x) invests in the market by choosing a portfolio strategy 9 € L(S),
where L(S) denotes the set of predictable stochastic processes integrable with respect to S. The resulting

wealth process, (Xf’ﬂ)te[o’ﬂ, is simply the stochastic integral:

t
(2.1) X7 — g (9-S) = +/ 9, dS..
0

We say that a strategy ¥ is admissible if the induced wealth process is uniformly bounded from below by a

constant and we denote the set of admissible strategies by @, i.e.,
(2.2) O ={9 € L(S): dc € R such that ¢ < (F-S);, Vt € [0,T], a.s.}

The collection of all terminal values of wealth processes corresponding to the initial wealth x and admissible
portfolio strategies is denoted by X (x), i.e.,

/"('(x):{X;i’19 : 196@}.

Furthermore, we define the sets X = |J X(z), X>* =X NL*Y and R={X e X : - X € X}
T€R

Remark 2.3.

(1) A simple argument based solely on the absence of arbitrage implies that X € R if and only if there
exists x € R and ¢ € © such that X = z+ (9-S)7 and (- S); is uniformly bounded. In particular,
R C L.

(2) The lower bound on the losses of the admissible strategies is imposed to avoid pathologies that the
so-called doubling strategies create. Moreover, Assumption 2.1 excludes the existence of arbitrage
opportunities in the liquid market (see [20], Corollary 1.2). Note also that X € X* does not imply
that —X € X, since there exist admissible strategies such that (9 - S)r € L> but (=9 - S); is not

uniformly bounded from below.
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2.3. The Acceptance Sets. Given the financial market (S(?); S) and the set of admissible strategies ©, we
suppose that each agent’s risk preferences, investment goals, possible stochastic income, etc., are incorporated
in a set A C LO(F) called the acceptance set. We interpret A as the set that contains the discounted net
wealths of investment positions with maturity 7" that the agent deems acceptable at time ¢ = 0.

In concordance with the standard postulates of the risk-measure theory, we assume that A satisfies the
following axioms:

Azl. A+ LY C A

Az2. A is convex.

Az3. ANLY(F) = {0}.

Azj. A—Xx(0)C A. .
For future use we set A = ANL>.

Remark 2.4. Axiom Azl simply states that every investment with payoff a.s. above the payoff of an acceptable
claim is also acceptable. Axiom Az2 reflects the fact that diversified portfolios of acceptable investments
should also be acceptable, while Axiom Az3 means that the “status quo” (i.e., no investment at all) is
an acceptable position and that the non-trivial investments which never make money are not acceptable.
Finally, axiom Az4 is the one that provides a link between the liquid market and the agent’s acceptable
positions. One should think of A as an “already-optimized” representation of agent’s preferences, in the
sense that the fact that the liquid market stands at the agent’s disposal has already been taken into account.
One of the direct consequences of Az4, and a more mathematical reformulation of the last sentence, is the

following property:
(2.3) If there exists X € X(0) such that B+ X € A, then B € A.

More directly, if a position can be improved to acceptability by costless trading, it should already be con-
sidered acceptable. The reader should note that the situation is not entirely symmetric: it can happen that
B — X is acceptable for some X € X(0), but B is not. The reason is that X may not be bounded from
above so that there is no admissible strategy (with —X ¢ X(0) being the prime candidate) which will bring
B into acceptability.

An important, but by no means only, example of an acceptable set which satisfies Az1-Az4 can be

constructed using utility functions:

Example 2.5. A classical example of an acceptance set that satisfies the axioms Azi-Axz4 is the one
induced by a utility function, i.e., a mapping U : (a,00) — R, a € [—00, 0], which is strictly concave, strictly
increasing, continuously differentiable and satisfies the Inada conditions

wl_i)rzlJrU’(x) = 400 and xET@oUI(x) =0.
We also include a random endowment (illiquid investments, stochastic income) whose value at time 7T is
given by €& € L*>°(Fr). The agent’s investment goal is to maximize the expected utility by trading in the
market assets and for every contingent claim B € ]Lg — LLS°, the resulting indirect utility is defined by
(2.4) u(z|B) = sup E[U(z+ €&+ X + B)],

Xex(0)

where x > 0 is the agent’s initial wealth. For sufficient assumptions that lead to the existence of the optimal
trading strategy, we refer the interested reader to [17], [32] for the case a > —oo and [7] and [40] for a = —c0.

The set of acceptable claims is then given by

(2.5) Ap(x) = {B € LY —LY : u(z|B) > u(z|0)}.
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It is straightforward to check that Ap (z) indeed satisfies the axioms Az1-Az, for > 0.
One can replace the expected utility by a general convex risk measure p in the above discussion. For
B € IL*°, we can introduce the function

5(B)= inf p(B+X
p(B) Xg)l((o)p( +X)

and use Lemma 2.4 in [46] to guarantee that j is itself a convex risk measure whose acceptance set A =
{B € L*>: 5(B) < 0} satisfies Ax.4.

2.4. The Convex Capital Requirement. Given an acceptance set .,Zl, we call the map p4 : L® — R,
defined by

(2.6) pa(B) =inf{m € R: m+ B € A}, for every B € L=,

the agent’s convez capital requirement or convex risk measure induced by the acceptance set A. It follows
that pa(-) is convex, non-increasing and cash invariant, i.e., pa(B +m) = pa(B) — m, for every B € L*°
and m € R.

Axioms Az1 and Az2 imply that p4(0) = 0 and the inequality —||B|locc < B < ||B||oo together with axiom
Azl force pa(B) € [—||Blloo; |Blloc] € R for every B € L. The inclusion A C {B € L™ : p4(B) <0}
holds trivially. If, in addition, the set A satisfies the following mild closedness property

(2.7) {Ae0,1] : dm+ (1 —X)B € A} is closed in [0,1], for every m € R} and B € L™,

the inverse inclusion also holds (see Proposition 4.7 in [27]). Property (2.7) holds, in particular, if ANV
is closed (with respect to any linear topology) for any finite-dimensional subspace V' C L*°. In what
follows, with a slight abuse of terminology, when we mention the term acceptance set we will refer to the set
A= ANL>, for A that satisfies Azl-Azj.

Remark 2.6. Similar definitions of the convex capital requirement have been given in [27] (page 207) and
[28]. In the former, a given acceptance set A is related to the market through a larger acceptance set A,
defined by

(2.8) A={BelL*®:39 € ®,A¢c Asuch that (9-S)r +B > AP —as.}.

In our case, (2.3) implies that A = A, which is yet another reformulation of the “already-optimized” property
of Remark 2.4. In [28], the authors define the generalized capital requirement by

pa(B)=inf{m e R : 3X € X(m) such that X + B € A}.

If the acceptance set A satisfies the axioms Az1-Az4, it is straightforward to show that p 4(B) = pa(B). The
existence of an admissible strategy in the definitions of p4(-) and A has been established in [46], Theorem
2.6.

2.5. A Robust Representation. It is shown in [25] that under the assumption that A is weak-* closed
(closed in the weak topology o(IL>°,1L1)), the convex risk measure p4(-) admits a robust representation in
the sense of [3] and [18]. The additionally imposed axiom Azj provides some further information about the

penalty function. The following proposition is similar, but not identical, to the results in [27] and [36].

Proposition 2.7. If A is a weak-x closed acceptance set, then

(1) pa admits a robust representation of the following form

(2.9) pa(B) = sup {E%[-B] - aa(Q)}
QeM,
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for every B € L=, where as(Q) = sup {EQ[-B]}, i.e., M4 C M,, where M4 is the effective
BeA

domain of « (the set of all probability measures Q such that a(Q) < 00).
(2) The set of measures, denoted by Opa(B), at which the supremum in (2.9) is atlained, is non-empty.

Proof. Thanks to the results in [27] and [36], it is enough to show that for every Q ¢ M,, a4(Q) = +oc.
For every such Q, there exists an admissible terminal wealth X € X(z), such that E2[X] > z, i.e., there
exists a portfolio ¥ € ©, such that (9 - S); is uniformly bounded from below and EQ[(9 - S)7] > 0 (see
Theorem 5.6 in [20]). Then, for every k € N, we define By, = —((9 - S)7 A k), which belongs to L>°. Hence,
B+ (9-S)r = (9-8)r — k)1{(9.8),>k} > 0, which means that By, + (¢-S)r € A for every k € N. Also, by
(2.3) we have that ABj, € A, for all A > 0. Thus, a4(Q) > EQ[-\By], for every k € N. Finally, it is enough
to first let k — oo and use the Monotone convergence theorem to get that a4(Q) > AEQ[(9 - S)7], and then
let A — oo. ]

Corollary 2.8. If A is a weak-+ closed acceptance set, then p A(-) satisfies the following replication invariance
property: for every B € L and every C € RN X(x), we have pa(B+ C) = pa(B) — x.

Remark 2.9. The technical notion of weak-*-closedness used above is often better understood if replaced by
a weaker, but easier to check, notions related to pointwise convergence coupled with appropriate one-sided

boundedness requirements. We refer the reader to Chapter 4. of [27] and the references therein.
2.6. Risk-equivalence. The following definition (see also [2]) will be used extensively in the sequel:

Definition 2.10. Two random variables B, C € L are said to be risk-equivalent (or equivalent with respect
to risk), denoted by B~ C, if B—C € R.

It is straightforward to check that the relation ~ is indeed an equivalence relation in IL.°°. The condition
B ~ C means that the claims with payoffs B and C carry the same unhedgeable risk. Moreover, it is easy
to see that the condition B ~ C implies that

(2.10) YA€ [0,1], paAB + (1 — A)C) = Apa(B) + (1 — N)pa(C).

On the other hand, if B ~ C, convex combinations of the payoffs B and C may lead to reduction of risk.

The following proposition characterizes those acceptance sets A for which this is always the case.

Proposition 2.11. Let A be a weak-+ closed acceptance set. Then, the following two statements are equiv-
alent:
(1) For all B,C € A with B = C and every A € (0,1), there exists a random variable E € LY and
Q € 9pa(AB+ (1 — X\)C) such that, Q(E > 0) > 0 and

AB+(1-NC—Ec A
(2) For all B,C € L* the condition (2.10) implies B ~ C.

Proof. We first assume that (1) holds and that B,C € L* are such that B ~ C. Then, we have B +
pa(B),C +pa(C) € A, and so, for any A € (0,1), there exists £ € LS and Q € dpa(AB + (1 — X)C) such
that Q(E > 0) > 0 and

AB+ (1 =X)C + Xpa(B)+ (1 =XN)pa(C) - E € A
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This implies that p4(AB+ (1 = A)C — E) < Apa(B)+ (1 — A)pa(C), and so, thanks to monotonicity of p 4,
(2.10) cannot hold because

pA(NB + (1= N)C)

EC[-AB — (1 - \)C] - a4(Q)

< EQ-AB—(1-\NC+E] — a4(Q)

< sup {EY-AB — (1= NC + E] - aa(Q)} = pa(AB + (1= \)C - B)
QEM A

< Apa(B)+ (1= A)pa(C).

Conversely, suppose that (2) holds, i.e., that (2.10) implies B ~ C, for all B,C € L.°>°. Then for any pair
B » C and every A € (0,1) we must have that

pAB + (1= N)C) < Mpa(B) + (1~ Npa(©),
and it is enough to use E = —p4(AB + (1 — A)C) to verify that (1) holds. O

Definition 2.12. An acceptance set A is called risk-strictly convez if it satisfies either of the two equivalent

statements in Proposition 2.11.

Under the assumption that the acceptance set A is risk-strictly convex, we can say a bit more about the

effective domain of the penalty function of the induced risk measure, M 4.
Proposition 2.13. If the acceptance set A is weak-+ closed and risk-strictly convez, then M4 C M.

Proof. Suppose, to the contrary, that there exists Q € My \ M.. Since M4 C M,, there exists A € F
be such that Q[A] = 0, but P[4] > 0. Then, since as(Q) = supper~ (E®[~B] — pa(B)), the choice
B=nly—C, for C € L yields

pa(nla —C) > EYC —nl4] — aa(Q) = E¥[C] — aa(Q).
By convexity, p(C' —nla) < —p(nls — C) which implies that

pa(C —nly) < EQ[—C} + a4(Q) < oo,
for all n € N, and all C' € L*>°. Using the convexity of p one more time, we obtain
p(C —14) < 1p(C = nla) + (1 - 1)p(C) < LEY=C] + aa(@)) + (1 - 1)p(C),

for each n € N, so p(C — 14) = p(C). It follows now from Proposition 2.11 that 14 € R, which is in

contradiction with the assumption of No Free Lunch with Vanishing Risk. ]

Remark 2.14. In the terminology of [27] (see page 173), a risk measure p is called sensitive if p(—B) > 0
for every B € L5°\{0}. The fact, as stated in Proposition 2.13, that the minimizers of the penalty function
a4(-) are equivalent to P when A is risk-strictly convex, implies that a risk-strictly convex risk measures
are sensitive. Indeed, by (2.9), p4(—B) = EQ[B] — a4(Q), for any Q € 9p4(0). Clearly E?[B] > 0 and
aA(Q)(B) <0, 50 pa(=B) > 0.

Another important property of risk-strictly convex acceptance sets is the following:

Proposition 2.15. Let p4 be the risk measure corresponding to a weak-x closed, risk-strictly convexr accep-
tance set A. Then,

pa(B) 4+ pa(—B) >0, for BeL>\R.
In particular, AN (—A) = X(0)NR.
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Proof. For any such B € L\ R, pa(B)+ B € A and pa(—B) — B € A. By assumption (since 2B ¢ R),
there exists E' € L3°\{0} such that

S(04(B) + pa(-B)) ~ B € A

Hence, $(pa(B) + pa(—B)) — pa(—E) > 0 and by monotonicity of p4, we get that p4(B) + pa(—B) > 0.
The last statement follows from Corollary 2.8. |

3. MUTUALLY-AGREEABLE BUNDLES

3.1. The Agents. We consider I > 2 financial agents and suppose that each agent i has access to a sub-
market S; of S, i.e., she is allowed to invest only in (St(o); St(j{), e St(jéi))te[o}T], where 1 < ji < ... < jéi <d.
Note that the numéraire S(© = 1 is accessible to each agent. In order to take the whole market into account
and avoid trivialities, we also assume that each component of S is accessible to at least one agent. Note that

the Assumption 2.1 implies that M’ # (), for all 4, where
M. ={Q < P : S, is a local martingale under Q}, i =1,2,...,1.

We define the sets X;, X;(z), ©; and R; exactly as in section 2, with S; used in lieu of S. Moreover, each
agent is assumed to have an acceptance set A; which satisfies the axioms Az1-Azj. The induced risk measure
pa, on L will be denoted by p;, and M; will be the shortcut for M 4,, i.e., it will stand for the effective
domain of the corresponding penalty function «;, ¢ = 1,2,...,I. We further assume that the intersection
A; NL>®, denoted by A;, is weak-* closed and hence the induced risk measure p; = p, 4, admits the following
robust representation
(3.1) pi(B) = sup {EQ[—B] —ai(Q)},

QeM;
where M; C M for all i. As above, Op;(B) denotes the set of all maximizers in (3.1), for B € L> and
i=1,2,..., 1.

3.2. Bundles, Allocations and Agreement. For bundle of claims B = (By, Ba, ..., By,) € (L™®)", n € N,
a matrix (a; ;) = a € RI*" is called a feasible allocation or simply an allocation, if Zle a;, = 0 for all
k=1,2,...,n. For convenience, the i-th row (a; x)7_, of @ will be denoted by a; ; it counts the quantities of
each of the n components of B held by the agent i. The set of all feasible allocations is denoted by F, i.e.,

I
(3.2) F = {a € R"*" such that Zai =(0,0,...,0)}.
i=1
We usually think of the elements of B as the claims (typically not replicable in the liquid market S) the
agents are trading among themselves. These claims are in zero net supply, i.e., some of the agents will be
taking positive and some negative positions in them. Clearly, the agents will be willing to share the bundle
of claims B according to an allocation a € F only if there exists a price vector p € R™, for which the position

a; - B — a; - p is acceptable for each agent i. More precisely, we give the following definition:

Definition 3.1. The pair (B,a) € (L>)" x F of a bundle of claims and an allocation is called mutually
agreeable if there exists a (price) vector p € R™ such that a; - B —a; -p € A;, forall i =1,2,..., I.

For a bundle B € (L>°)", we define the subset GB of RI*™ by

GB = {a € F : (B, a) is mutually agreeable} .
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Similarly, for an allocation a, let G* denote the set of all feasible allocations of B, acceptable for every agent:
G*={B e (L>*)": (B,a) is mutually agreeable}.
We also define Rq = {B € (L®)" :a;- B € Ry, Vi=1,2,...,1}, for a € F.

While G2 has a clear economic importance, that of its dual counterpart G® is purely technical, as our

next proposition shows.

Proposition 3.2.
(1) For every B € (L>°)", the set GB is convex, closed in R"*! and a € GB NGB implies that B € R,.
(2) For every allocation a € F, G is convex. If, additionally, A; is weak*-closed and risk-strictly convex

for every i, then
Gg*n(-g*) = Ra, for alla € F.

Proof. Since the proofs of the two statements are similar, we only prove (2), which is marginally more
involved.

Convexity follows directly from the convexity of A;’s. For the second statement, suppose first that
B € G* N (—§G%), i.e., there exist p,p € R™ such that a; - B—a;-p € A; and —a; - B+ a;-p € A;,
for all . The convexity of 4; then implies that %ai -(p — p) € A;, which yields that a; - (p — p) > 0,
for all : = 1,2,...,1. Since 2521 a; = 0, we conclude that for every agent a; - p = a; - p. It follows that
pi(a; - B) < —a;-p and also p;(—a; - B) < a; - p for all i. Consequently, p;(a; - B) + p;(—a; - B) < 0, which
means (thanks to the risk-strict convexity of p;) that a; - B € R; for all 4, i.c., B € Rq.

Conversely, let B € R, so that a; - B € Ry, for all i. We pick an arbitrary Q € M, and define
p = E¢[B] = (E¢[B,],...,E?[B,]) € R". Since Q € M¢ for all i, we have a; - B € X;(a;-p). By Corollary
2.8, a; - B —a; -p+ € A;, for all i, so that 7A€a C G%. It remains to observe that ﬁ,a = 7@0 and that
G~ =-g°. U

Another important notion in this setting is the inf-convolution of risk measures, first introduced in [4].

Definition 3.3. The inf-convolution of the risk measures p1, ps,...,pr is the map p1¢...0pr : L™ —
R U {—o0}, defined for C' € L™ by

I I
(3.3) (p10...0pr)(C) = inf {Z pi(Bi) : B,...,B€L®, Y B; = c} :
i=1 i=1
Let M denote the intersection ﬂle M,;. The following assumption is equivalent to (p1¢ ... Opr)(0) > —oo
(see [5]):
Assumption 3.4. M # ().

Remark 3.5. Thanks to the assumption that each component of S is available to at least one agent, we have
that ﬂiI:l M = M.. Hence, if A;’s are risk-strictly convex, it holds that M C M, and hence Assumption
3.4 is a strengthening of Assumption 2.1.

The following Proposition is a mild generalization of Theorem 3.6 in [5], where the case of I = 2 is

addressed. The proof when I > 2 is similar and hence omitted.

Proposition 3.6. If A; is weak-x closed for every i = 1,2, ..., 1, the Assumption 3.4 implies that the map
P10 ... 0pr : L™ — R is a convex risk measure, with penalty function h(Q) = Zle a;(Q) whose effective

domain is M.
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Definition 3.7. We say that the agents are in a Pareto-optimal configuration if

In words, Pareto optimality implies that there is no wealth-preserving transaction that will be acceptable
for everyone and strictly acceptable for at least one agent. The problem of Pareto-optimality is closely related
to the problem of optimal risk sharing (sometimes called Pareto optimal allocation), which was recently
addressed by many authors in the cases where agents use convex risk measures to value claim payoffs (see
[5], [6], [13], [24], [31], [34]). Below, we state a well-known characterization of the Pareto optimality in
terms of the minimizers of the penalty functions «;. We remind the reader that 0p;(B) stands for the set of
maximizers in the robust representation (3.1) of p;(B) and omit the standard proof (see, e.g., Proposition
3.8 in [4]):

Proposition 3.8. The agents are in a Pareto-optimal configuration if and only if
N{10pi(0) # 0.

The following proposition states that if the agents are in Pareto-optimal configuration, the risk-strict
convexity assumption implies that transactions involving non-replicable claims result in strictly increased

risk for at least one of the agents involved in this transaction.

Proposition 3.9. Assume that A; are weak-x closed and risk-strictly convex for alli =1,2,..,1 and suppose
that (p10...0pr)(0) = 0. For any choice of By, Ba, ..., Br in L™ with Zi]:l B; =0, it holds that

I
Zpi(Bi) =0 if and only if B; € Ry, foralli=1,2,...,1I.
i=1

Proof. Assume that there exists k € {1,2, ..., I} such that By ¢ Ri. Then, by risk-strict convexity, for each
A € (0,1) there exists £ € L5°\{0} such that py(ABy —E) < Apy(Bg). This implies that pr(ABy) < A\pr(By)-
Since p;(AB;) — Ap;(B;) <0,Vi=1,2,...,I, we have

I I
> pi(ABi) <A pi(B) =0,
i=1 i=1

which contradicts the assumption (p10...0pr)(0) = 0. The converse implication follows from the fact that
when B; € R;, we have p;(B;) = —E?[B;], for any Q € M. O

Corollary 3.10. Assume that all A; are weak-+ closed and risk-strictly convex and pick a € F and B € G®.
If NI_,0p;(0) # 0 then, a; - B € R;, for everyi=1,2,...,1.

Proof. B € G* means that there exists a price vector p, such that a; - B — a; - p € A;, for all i. This
implies that Zle pi(a; - B) <0, which, by the hypotheses and Proposition 3.9 yields that a; - B € R; for
alli=1,2,...,1. a

Example 3.11. Suppose that all I agents are exponential-utility maximizers with possibly different risk-
aversion coefficients v, i = 1,2,..., I, i.e., U;(z) = — exp(—~;x) (for details on the set of admissible strate-
gies, we refer the reader to [19] and [39]). Let &;,i = 1,2,...,I, denote the agents’ random endowments. If we
follow the arguments of Proposition 3.15 in [2], we can conclude that in the case S; = S for all i € {1,2,..., I},
the agents will be in the Pareto-optimal configuration if and only if :’/—]& ~ &, foralli,j =1,2,..., 1. A
special case of this condition occurs when the agents’ random endowments are replicable. However, this is
not the case when agents have access to different markets. To see that, let us consider the case I = 2, with
S1 # Sp and & = & = 0. It follows from Theorem 2.2 in [19], that 9p1(0) = 9p2(0) (both are singletons
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(0)

in this case) if and only if v (9;" - S1)7 = 72(1950) - So)7, where 191(-0) is the optimal trading strategy in the

market S; of the agent ¢, i =1, 2.

Example 3.12. The case where agents use power utility function, U(z) = %xp , where p # 0 is the relative
risk aversion coeflicient, is similar to the previous example. Without going into details, let us mention that
it is known (see for instance [44]) that if all agents have access to the same market, then dp;(0) = 9p;(0), for
all 4, j if and only if the agents’ relative risk aversion coeflicients are equal, regardless of their initial wealths.

However, when agents have access to different markets, counterexamples can be readily constructed.

4. THE PARTIAL EQUILIBRIUM PRICE ALLOCATION

4.1. The Definition. Having introduced the setup consisting of I agents, their acceptance sets and acces-
sible assets, we turn to the partial-equilibrium pricing problem for a fixed bundle of claims B € (L*°)". The
main task of section is to prove existence and uniqueness of a partial-equilibrium price for a given bundle
B € (L>°)™. We follow the classical paradigm: the price vector p is a partial-equilibrium price of B, if, when
B trades at p, demand and supply for each of its components offset each other, i.e., the market for B clears.

Clearly, we must first specify what we mean by “demand and supply”, i.e., we need to analyze single
agent’s behavior. The natural assumption we make is that in a set of payoffs, an agent will choose the one
which minimizes the capital requirement. For linear combinations of the components of B, we have the

following, more precise, definition:
Definition 4.1. For i € {1,2,...,I}, the agent i’s demand correspondence Z; : R™ — 28" is defined by

(4.1) Zi(p) = al;gerﬂgjn{m(a ‘B —a-p)}

Once the notion of demand is defined, we are ready to give a precise definition of the equilibrium. The
reader will observe that we do not require the agents’ positions in the liquid markets to clear. Indeed, that
is exactly what makes our equilibrium “partial”. The liquid markets are interpreted as much bigger then

the market for B, and our agents are simply price-takers there, i.e., cannot affect the prices by trading.

Definition 4.2. We say that the pair (p,a) € R™ x F is a partial-equilibrium price-allocation (PEPA), if
a; € Z;(p) for every 1 <i <.

Remark 4.3. Tt is immediately clear that a PEPA of the form (p, a) will exists if and only if

I
(4.2) OE{Zai:aiEZi(p),izl,...,I}.

i=1
4.2. Existence and Uniqueness of a Partial Equilibrium. Our main result, Theorem 4.10, which
asserts that a PEPA exists and is unique, rests on a few natural assumptions. The first one among them
is a finite-dimensional version of the risk strict-convexity condition of Definition 2.12. In fact, the proof of

next result is so similar to the proof of Proposition 2.11, that we omit it altogether.

Proposition 4.4. Suppose that the acceptance set A; of the agent i is weak-x closed and that B is a bundle
in (IL>°)™. Then, the following two statements are equivalent:
(1) for every (a,m),(d,k) € A(B) = {(a,m) € R" xR :a-B+m € A} such that a # & and for
every A € (0,1) there exists a random variable E € L and Q € Op;(Aa + (1 — X)d) - B), such that
Q(E >0) >0 and
Ma-B+m)+(1—-XN)(6-B+k)—FE €A
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(2) The function R™ 5 a — p;(a - B) is strictly convex.

Definition 4.5. Let A; be a weak-* closed acceptance set. For a bundle B € (IL*°)", we say that A is

strictly convex with respect to B if either of the two equivalent statements in Proposition 4.4 holds.

Remark 4.6.
(1) For B such that a- B ¢ R; for a # 0, the strict convexity of A; with respect to B is implied by the
requirement of risk-strict convexity of Definition 2.12 above.
(2) One of the central technical benefits of introducing the notion of risk strict convexity is the func-
tionality (single-valuedness) of the demand correspondence Z it induces. See Remark A.4 in the

Appendix for details.
The following two assumptions will be in effect throughout the section:

Assumption 4.7. The acceptance set A; is weak-* closed and strictly convex with respect to B, for all
i=1,2,...,1.

Assumption 4.8. For each § € R" \ {0}, infger E?[d - B] < supge EX[6 - B].

Remark 4.9. Assumption 4.8 implies, in particular, that for every i = 1,2,...,I, there is no § € R™\ {0}
such that § - B € X°. That means, further, that there is no § € R™\ {0} such § - B € R,.

The following theorem contains the main result of the section. Its proof, preceded by two technical

lemmas, is relegated to the Appendix.

Theorem 4.10. Under Assumptions 3.4, 4.7 and 4.8, there exists a unique partial-equilibrium price-
allocation (P, a). Moreover, for each i = 1,2,....I, Z;(p) = {a;} and there exists a probability measure
Q' € M; such that p = EY'[B].

Remark 4.11.

(1) Theorem 4.10 can be viewed as a generalization of Theorem 5.8 in [2], where the situation described
in Example 3.11 involving two exponential utility maximizers is extensively analyzed.

(2) The fact the demand correspondence depends on the bundle B only through its risk-equivalence
class implies that equilibrium prices of two bundles whose components are pairwise risk-equivalent
are the same.

(3) The second statement of Theorem 4.10 implies directly that p is a non-arbitrage price of the bundle
of claims B. Alternatively, one could argue that no price p which is not in the appropriate abitrage-
free interval could be an equilibrium price since it would lead to infinite demand and, thus, preclude
market clearing.

(4) When the agents are in a Pareto optimal configuration then the pair (p,a) € R” x F is a PEPA if
and only if a = 0 and () # Z;(p), for all ¢ = 1,...,I. To see this, assume that the (unique) PEPA is
of the form (p, a), for some a # 0. Then, by the definition of Z;, we have p;(a;-B)+a;-p < 0 for all
1, and, due to the strict convexity of the risk measures, the inequality is strict for at least two agents.
This implies that 25:1 pi(a; - B) < 0, which contradicts the assumption of Pareto optimality. The
economic interpretation of the above statement is clear - the agents will not engage in trade if they

are already in a configuration which cannot be improved upon.
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5. THE WELL-POSEDNESS OF THE EQUILIBRIUM PRICING

The exact shape of agents’ acceptance sets, which incorporate their risk preferences, endowments and
investment goals, is extremely difficult to estimate in practice. It is therefore natural to ask whether the
induced equilibrium pricing is stable with respect small perturbation in the agents’ acceptance sets. To be
more precise, we want to check whether the equilibrium pricing scheme, presented in section 4, is a well-posed
problem in the sense of Hadamard (see [30]), i.e., if its solution exists, is unique and stable with respect to the
input data (the agents’ acceptance sets in this case). Having solved the problem of existence and uniqueness
(see Theorem 4.10), we turn our attention to the following question: can we specify a convergence (concept)

I
& for I -tuples of the weak-* closed acceptance sets (Agm)> = (AY”), Aém), ey .Agm)), for which

=1
(5.1) (A§m>,A§m>,...,A§m>) Ay, Agy s Ap) = (p<m>,a<m>) ~ (B, a),

I
where (p(™), d(m)) is the PEPA obtained by the acceptance sets (Agm)) and (P, a) is the corresponding

i=1
to (A;)l_, PEPA?

As we shall explain shortly, it turns out that the right notion is related to Kuratowski convergence (see
Chapter 8 in [38] and Chapter 7 in [43] for a further analysis):

Definition 5.1. A sequence of closed subsets C,, C R!, I € N, converges to the subset C' in Kuratowski
sense (and we write Cp, X, C) if

(5.2) Ls Cyy C C C Li Cp,

where
LiC,, = {c eR : c=limeyg, e € O eventually}
and

Ls Cp, = {c € R" : ¢ =limcy, ¢, € Cp,,,ny, & subsequence of integers} .

We say that a sequence { f,, }men of lower semi-continuous functions f,, : R! — R converges to a function
f in the Kuratowski sense (and we write f,, X, f) if epi(fim) X, epi(f). We remind the reader that the
epigraph of a function f : R™ — R is the set epi(f) = {(a,¢) e R" xR : f(a) < c}. A characterization of
the Kuratowski convergence for sequences of functions is given by Theorem 8.6.3 in [38] (see also Proposition
7.2 in [43]); fm X, fif and only if the following two conditions hold:

(a) For every z € R* and every sequence x,, such that x,, — z, liminf f,,(z,) > f(x) and

(b) For every x € R¥ there exists a sequence z,, such that x,, — x and limsup f,,(x,) < f(z).

The Kuratowski convergence and its versions for more general topological spaces have been extensively used
in the study of the well-posedness of a variety of variational problems (see [43] for problems in R™ and [21]
and [38] for general spaces).

In what follows, for each agent i, we consider a sequence of weak-* closed acceptance sets AE’") and a
limiting weak-* closed acceptance set A;, all of which satisfy the axioms Az1-Az4. The induced convex

capital requirements are denoted by pgm) (+) and p;(-) respectively, and Mﬁ.’”) and M stand for the effective
domains of the corresponding penalty functions, o; "’ and «;.

In the effort to show that the Kuratowski convergence allows for a positive answer to our central question,
we establish the following auxiliary result. The reader is reminded that the definition of the sets A;(B) is

given in the statement of Proposition 4.4, part (1).

Lemma 5.2. For a given bundle of claims B, if Agm)(B) X, A;(B) for every i € {1,2,...,I}, then the

sequence of functions a > R™ — pim)(a - B) converges point-wise to the function a > R™ — p;(a - B).
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Proof. By (2.6), for a bundle B € (L°°)", the set A(B) is the epigraph of the function R” 3 a — pa(a-B) €
R. Hence, AE"”(B) X, A;(B) is equivalent to the Kuratowski convergence of the sequence of functions
a3>3R"— pgm)(a - B).

It is shown in [43], Theorem 7.17, that for any sequence (f),,cn Of convex functions on R™, f, &, f
implies that f,, — f point-wise in R", provided that f is a convex, lower semi-continuous function and its
effective domain has non-empty interior. It is, therefore, enough to observe that the function @ 5 R"™ —
pi(a - B) is convex and lower semi-continuous in R™, since p; : L= — R is convex and o(LL°°, L')-lower

semi-continuous risk measure. O

As the reader can easily check, Kuratowski convergence will not, in general, preserve strict convexity. In
order to guarantee that the limiting acceptance set A; is strictly convex with respect to the fixed bundle of
claims B, we must assume that the strict convexity of Agm) with respect to B satisfies a certain uniformity

criterion.

Definition 5.3. A sequence of acceptance sets (A(m))meN is uniformly strictly conver with respect to a
bundle B € (L>°)", if for every (a,c), (8,k) € AU™ (B) such that a # &, the following statement holds:
for every A € (0,1) there exists a random variable F € LS°, such that QE > 0] > 0, for some Q €
9™ ((Aa + (1 — \)6) - B) and
Ma-B+c)+(1-A)(6-B+k)—Eec A™),
for all m € N.

It follows from the definition of Kuratowski convergence, that if (Agm))meN is uniformly strictly convex
with respect to B and Al(-m) (B) X, A(B), then A; is also strictly convex with respect to B. This fact and
Lemma A.3 imply, in particular, that the function @ 3 R™ — p;(a - B) is strictly convex and differentiable
on R™, if we further assume that B is not redundant, i.e., there is no € R™, such that § - B € R;.

Assumption 5.4. The sequence {Agm)}meN of acceptance sets is uniformly strictly convex with respect to
the bundle B.

Assumption 5.5. ) # ﬂle Ml(.m) C M, for all m € N.
Assumption 5.6. For each m € N and § € R\ {0}, infge pqom) E2[8 - B] < supge aqom) E¢[4 - B.

It follows from Theorem 4.10 that under the Assumptions 5.4, 5.5 and 5.6 there exists a unique PEPA,
(f)(m), &(m)), for every m € N. Furthermore, the induced strict convexity of A; with respect to B means that
the conditions for existence and uniqueness of PEPA hold even for the limiting risk measures p;. Moreover,

it turns out that those same conditions guarantee that the problem is well posed:

Theorem 5.7. Under Assumptions 5.4, 5.5 and 5.6, for each m € N there exists a unique PEPA (p™),a™)

T
for agents with acceptance sets (Agm)) . Also, the convergence

=1
A (B) 5 A(B)
for every i € {1,2,...,I} implies that
(i) There exists a unique PEPA (p,a) for agents with acceptance sets (Ai)le and
(i) (p™),a"™) — (p,a) in R" x R™*T.

I

Proof. The existence and the uniqueness of the PEPA for agents with acceptance sets (Agm)) follows
i=1

directly from Theorem 4.10. By Lemma 5.2, the Kuratowski convergence Agm)(B) X, A;(B) implies that
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pgm)(a -B) — p;(a- B), for every a € R™ and that the function a 3 R" — p;(a- B) is strictly convex. Then,

the existence and the uniqueness of the PEPA (p, @), for agents with acceptance sets (Ai)le is guaranteed
again by Theorem 4.10.

Following the lines of the proof of Theorem 4.10, for each m € N we define the strictly-convex function
fm : RP¥U=1D L R by

-1
Fmla) = p" (a1 - B) + pS"(az - B) + ..+ pi") (ar—1 - B) +p{" (=Y as) - B),
i=1

and note that it admits a unique minimizer, @™ € R"*(~1 (where in fact, @™ = a\™ for every i =
1,2,...,I —1). Similarly, we define the function

-1

fa) =pi(ar- B) + pa(az- B) + ...+ pr-1(ar—1- B) + p1((—= Y _a:) - B).
i1

which is also strictly convex and has a unique minimizer @ € R"*(/=1 (where, a; = a; for every i =
1,2,...,I —1). Note that the point-wise convergence pgm)(a - B) — p;(a- B), trivially implies that f,,(a) —
fm(a), for every a € R**U=1_ In order to show that a™ — a, as m — oo, we first recall a well-known
result (see for instance Example 1.7 in [21]) that if f is a convex, lower-semicontinuous function and has a

minimizer @, then for every sequence 6™ € R"*(=1) guch that

F(8) — f(a),
it holds that 6" — &. In other words, the problem of minimizing f in R™*U=1 is well posed in the sense
of Tykhonov. This implies that for every € > 0 there exists b € R} such that

(5.3) {aeR™UD " f(a) <b+ f@)} € {aeR™U : jla—al <.
By Lemma II.21 in [21], for every b € R, and sufficiently large m we have

(5.4) {a e RU=D . ¢ (a) <b+ fm(&(m))} C {a e R™U=D . f(a) < 2b+ f(&)}.

Combination of (5.4) and (5.3) yields the convergence @™ — a, which trivially implies the convergence of
partial equilibrium allocations, a™ — a. The definition of the equilibrium price yields that

Vo (a™  B) = —p,
Em)(a-B) — pi(a- B) for every a € R"
and the fact that the limiting function @ 3 R™ — p;(a - B) is differentiable in R™ yield that

for every m € N. Theorem 25.7 in [42] implies that the convergence p

Vo™ (a- B) — Vpi(a- B),
for every a € R™ and every ¢ = {1,2,...,I}. Furthermore, the same Theorem states that this convergence is

uniform on compacts in R™, so

(2

O

We conclude with an example in which we show what Kuratowski convergence looks like in a familiar

setting:
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Example 5.8. We consider the utility-based acceptance sets discussed in Example 2.5 for the agent 4 (see [32]
for technical details) and we consider a sequence of utility functions (Ui(m)) , a sequence of probability

meN

measures (P(m))meN,

we define the indirect utility

and a sequence of initial wealths (:EZ(”L)> . For every B€ L™, z € Ry and m € N,
meN

u™(2|B)= sup EF"[UM™ (X + B)),
XeX(x)

where X (x) is a set of terminal wealths of admissible strategies; see page 848 in [32] for the exact definition
(note the our set X (z) corresponds to their X'(z, 1), and that their notion of acceptability reduces to our

admissibility due to boundedness of B). The corresponding sequence of acceptance sets is then given by

A ={Ber* o™ @™ |B) = u™ ("0} .

(3

for every m € N. It was proved in [35], Theorem 1.5, that the following convergence conditions
P(™ — P in total variation, Ui(m) — U, point-wise in Ry and xgm) — x;,

(together with some additional technical assumptions), yield that for every non-redundant bundle B €
(L**)™, we have that

(5.5) u™ (@ a™ - B) = wi(v;|a- B),

for every sequence a!™ € R™ that converges to some a € R”. Tt is, then, straightforward to get that
(5.5) imply that Agm) (B) X, A;(B), which in turn guarantees that the equilibrium price-allocation of B
is well-posed.

APPENDIX A. A PROOF OF THE MAIN RESULT

In order not to interfere with the flow of the exposition, we present two technical lemmas and the proof
of our main Theorem 4.10 here in the Appendix.

We start by introducing necessary notation.

MP = | 9pi(6-B) S M;, PP ={E°B] : Qe MP} CR".
dER"
Remark A. 1 The sets MEB and PP defined above can be thought of as “restricted” versions of the sets M;
and {EQ Qe M,; } where only the martingale measures “compatible” with the acceptance set A; are
collected. These sets have been defined and used in the literature before (see, e.g., [19]).

In the exponential case, the set MPE coincides with the set of equivalent martingale measures with finite
entropy, M. 5 (see [19] for terminology and the proofs of results mentioned below). It is known that, when
the stock-prices are locally bounded, M_. ; is dense in M.. Consequently, the set P coincides with the full
family of non-arbitrage prices of B.

Lemma A.2. Picki < {1,2,...,1} and assume that that A; is weak-+ closed and strictly convexr with respect
to B. Let {ax}ren be a sequence of the form ay, = ag + vpv € R™, for some v € R™\ {0}, ag € R", and a
sequence {7k }ren of positive constants with limy v = 0o. If {Qk }ren is an arbitrary sequence of probability
measures with Qi € dp;(—ay - B), then

(A1) lim E%[v- B] = sup E%v-B]= sup v-p.
k=00 QeM; pePP

Proof. Our first claim is that

i(—ai - B
(A.2) lim pi(zar - B) > S, where S = sup E%[v- B].
k—oo Yk QeM;



PARTIAL EQUILIBRIA WITH CONVEX CAPITAL REQUIREMENTS: EXISTENCE, UNIQUENESS AND STABILITY 18

For € > 0 there exists Q° € M; such that EQ [v- B] > S — /2, and, for that choice of QF, there exists
K € N such that for £ > K we have

@I < 2 /2 where § = |pi(—aq - B)| +[lag - B[«

pi(—an-B)—pi(—ao-B)

Thanks to convexity of p;, the ratio is nondecreasing, so its limit as n — oo exists in

Y
(=00, 00] and
(—a.-B (—a.-B)— pi(—an- B
lim pZ( ag ) — sup pZ( ag ) Pz( ao )
k—oo Yk E>K Tk
B {EQ[ak -B]  ;(Q)  pi(—ao 'B)}
= sup sup — —
E>K QeM; Yk Yk Yk

= sup sup {EQ[’U -B] —

a;(Q) + pi(—ao - B) + E%[—ay - B] }
QeM; k> K

Yk
a;(Q°) + pi(—ao - B) + E¥ [~ay - B]
Vi

>E% [v- B] - >S5 e,

and (A.2) follows.
We continue by noting that since Qj € dp;(—ay, - B) and «;(+) > 0, we have
Lp(—ay-B) < 2E%a; - B] <E%[v- B] + Ljay - B,
and so

sup E%[v- B] < lim 2528 < i inf E% v - B] < limsupE®[v - B] < sup E®[v - B].
QEM; k—oo T k—oo k—o0 QeMB

We conclude the proof by noting that since ME C M, all the inequalities above are, in fact, equalities. [

Lemma A.3. Foric {1,2,...,1}, let B € (L>°)™ be a bundle of claims for which there is no a € R"™ such
that a - B € R;. If A; is weak-+ closed and strictly convex with respect to B, then the expectation EQ [a- B
is the same for all Q € 9p;(a - B), and the function r; : R™ — R, defined by

(A.3) ri(a) = pi(a- B)
is continuously differentiable and
Vri(a) = E¥[—B], for any Q € dp;(a - B).
Proof. Thanks to convexity of r; and Proposition 1.5.3 in [22], it will be enough to show that E¢[—~B] is

the unique subgradient of r; at a for any Q € Jp;(a - B). To proceed, we suppose that a* € R™ satisfies
ri(8) > ri(a) —a* - (a—9), ie.

(A4) pi(6-B) = pi(a- B) —a” - (a - 9),

for all § € R”, and that a* # EQ[—B]. Consider, first, the case when —a* € P;(B), i.e., when there exists
6 € R" such that § # a and a* = EQ[—B] for some Q € dp;(8). If we substitue & for & in (A.4) we get

pi(3-B)+E%3- B > pi(a- B) +E%a- B].
Note, however, that
pila-B) > E%-a B|-a(Q =E%-a B|+p(5-B)+ES B
and the equality holds if and only if Q € dp;(a - B). This implies that

([s+a).B)

%(ﬂi(a'B>+pi(8'B)):Pi ( 5
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which contradicts the assumption of strict convexity with respect to B.
It is left to show that if a* = (af,...,a’) € R"™ satisfies (A.4), then —a* € P;(B). We argue by

contradiction and assume that this is not the case. By Lemma A.2 this means that there exists a component
l € {1,2,...,n} such that either aj > sup {E®[-Bj]} or a} < Qi% {EQ[-B,]}. We can assume without loss
QeM; ceM;

of generality that the former holds and that [ = 1. The inequality (A.4), in which a' = (a1 +1, a2, as, ..., a,)
is substituted for 4, implies that

pi(a' - B) + Qier}\f;[EQ[Bl] > pi(a- B).

On the other hand, for Q! € dp;(a' - B), we have
pila-B) > E¥[-a-B]-0i(Q") = pi(a’ - B) + E¥' [B)] > pi(a’ - B) + inf {E°[B1]},
eM;
a contradiction. O

Remark A.4. If for B € (L>°)™ there is no @ € R™ such that a - B € R; and if A; is strictly convex with
respect to B, the demand correspondence is Z;(p) is non-empty only when p € P;(B). Indeed, thanks to
its definition as a minimizer set of a differentiable convex function, the set Z;(p), consists of the solutions

a, of the equation
(A.5) Vri(a) = p,

where 7; is defined in (A.3) above. Lemma A.3 states, however, that Vr;(a) € P;(B). Moreover, when
p € Pi(B), Z;(p) is a singleton; this follows directly from strict convexity of r;. Finally, it follows easily
from (A.5) that Z; is single-valued on P;(B).

Proof of Theorem 4.10. We first define the strictly convex function f : RU=D*" L R by

-1
(A.6) f(a) =pi(ar- B) + pa(az- B) + ...+ pr-1(ar—1- B) + p1((— Y _a:) - B).
i=1
If for some @ = (@i,...,a;_1) € RU"DX" we have Vf(a) = 0, then, a is the unique minimizer of f.

Moreover, such a satisfies Vp;(a; - B) = Vpr(— (Zf;ll &i) -B), for every i = 1,2,...,] — 1. By Lemma A.3,
the latter means that for any Q; € dp;(a; - B), 1 <i<I—1 and any Q; € 0pi(—(2i1:_11 a;) - B), we have
E%[B] = E¥[B.

Therefore, the price vector p = E%[B] satisfies Z;(p) = a; for every i = 1,2, ...,I—1 and Z;(p) = — Zf;ll a;.

In other words, if @ denotes the allocation whose rows are given by a; = a;, for i = 1,2,....1 — 1 and
ar = — 211;11 a;, the pair (p, a) is a partial equilibrium price allocation. In fact, it is the unique one, since if
we assume the existence of another PEPA (p,a) # (P, a), we get that p = EQ[B], for any Q € 9p;(a; - B),
which, in turn, implies that V f(a) = 0. The latter equation contradicts the uniqueness of the minimizer of
the function f.

We are left with the task of showing that V f(a) has a root, and assume, per contra, that this is not
the case. Then, by the continuity of f, we deduce that for, each m € N, there exists a™ € D,, = {a €
RU-Dx7: laf|, = Y05 S fag,| < m} such that f(a(™) < f(a) for all a € D,,. Furthermore, by the
strict convexity of f, it follows that ||a™)||; = m. Hence, thanks to the results of, e.g., Chapter 1 in [9], a
contradiction would be reached if the following coercivity condition held:

(A7) F =lim infw

m— o0 m

> 0.
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By passing to a subsequence (if necessary), we can assume without loss of generality that the limits F' =

lim
k—o0

(k) (k)
1) ¢ R and a!” = lim %— € R", i =1,2,...,] — 1 exist. Since

@ .B)  pka” B)| _ .®
: : < 1% = al”| || B|goys — 0,

k k =k
Lemma A.2 implies that
pi(al” - B) (©)
lim &~ = sup EQ[a -B], for1<i<TI-1,and
k—o0 k QeM;
-1 (k) -1
i a B
lim P12 9 ) = sup E9[— ago) Bj
k—oo k QeM; =
Consequently, (A.7) follows from
S (0) O
F= sup E%a'” - B] + sup E?[-Y a!” . B]
Jz_:l@eMj ! QeM; ; !
-1 -1
> sup EY| a§0) B] — inf E9 ag_o) -B] >0,
QeM = Qem =
where the strictness of the last inequality follows from Assumption 4.8. |
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