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Abstract. In an incomplete market model, we consider financial agents whose in-
vestment criteria are modelled by forward exponential performance processes. The
problem of contingent claim indifference valuation is first addressed and a number
of properties are proved and discussed. Special attention is given to the comparison
between the forward exponential and the backward exponential utility indifference
valuation. In addition, we construct the problem of optimal risk sharing in this
forward setting and solve it when the agents’ forward performance criteria are ex-

ponential.
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INTRODUCTION

Contingent claim pricing in incomplete markets is one of the most challenging problems in
mathematical finance. In incomplete markets, there exist contingent claims for which there is no
dynamic self-financing portfolio that perfectly replicates their payoffs. A consequence of this is that

the non-arbitrage arguments provide only an interval of prices consistent with the non-arbitrage
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assumption. The answer to the question which is the “correct” price within this interval requires
a model of agents’ risk preferences and perhaps their endowments or/and their beliefs.

One of the most fruitful literature on financial agents’ risk preferences is the one on utility
function. Based on the works of von Neumann & Morgenstein [34] and Herstein & Milnor [17], this
theory suggests that an agent, who models her risk preferences through a utility function, is going
to invest in the financial market with the aim to maximize the expectation of her utility function.
Starting with the seminal works [27], [28], [36], [40], the utility mazimization has been extensively
studied and developed in a variety of market models and utility functions (see for instance, [14],
[21], [24] and [38] for an overview). If an agent’s investment criterion is the utility maximization,
it is reasonable to assume that she evaluates each contingent claim by comparing the following two
situations: maximization of the expected utility after buying (selling) the claim and maximization
of the utility without any transaction on the claim. The price that makes these situations indifferent
for the agent’s perspective is the so-called indifference price. This pricing mechanism was introduced
in mathematical finance literature in [18] and then further developed by a number of authors (see
among others [12], [26], [30] and [16] for an overview). We should highlight at this point that the
indifference pricing mechanism is subjective, in the sense that a utility maximizer quotes prices
at which she is willing to buy or sell a given contingent claim. However, there is no guarantee
that these prices are the ones at which any kind of transaction actually takes place. Therefore,
throughout this paper we prefer to call these prices values to emphasize their subjective nature.

One of the main flaws of the utility maximization (and of the induced indifference valuation) is the
dependence on the time horizon at which the utility function stands. Although for investment goals
and single claim pricing, fixing a certain investment /pricing time horizon may not be problematic,
it creates consistency concerns. In particular, this theory does not provide a way to set another time
horizon and the continuation of the investments to be consistent. Similarly, the valuing of continent
claims with maturity later than the chosen time horizon can not be addressed with the available
tools. This is because there is no forward shifting of a utility function. Even more inconvenient
is that fixing a utility at some time in the future leaves no room for updating the utility function
(and by extension the investment goals) until the terminal horizon. It looks like an agent is stuck
with her utility function and a given subjective probability measure, no matter what happens to
the market, her endowment or her beliefs.

The problem of time horizon dependence of investment choices has been recently studied by a
number of authors ([6], [9], [15], [41] and [42]). A common concept of these works is that agents
alm to maximize, instead of a utility function, a family of state-dependent utility functions in a
time-consistent way. In this paper, we work on the notion of forward performance or forward utility,
which has been introduced in the works of M. Musiela and T. Zariphopoulou [31] and [32] (see also

[41] for an overview). In words, this concept suggests that in contrast to the backward utility
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function maximization, the agents choose a family of state-dependent utility functions and their
investment goal is to find the admissible trading strategy that keeps the expectation of this family
at the same level (see Definition 1.1 for the exact definition and [31] for an extended discussion).
If the family of utility functions is of certain exponential type, the forward performance is called
exponential. Explicit formulas for the optimal strategy and the optimal wealth process under
this type of forward performance criteria has been provided in [32] under a Markovian market
model (see also [42] for some related discussion). More recently, G. Zitkovié in [43] establishes
the characterization of the forward exponential performance process in a general semimartingale
market model and as a special case in a diffusion stochastic volatility model, similar to the one
we shall impose in the present paper. One of the important part of the characterization of the
forward exponential utility functions is that the risk aversion becomes stochastic process instead
of constant (as in the classic exponential utility function). Furthermore, for the stochastic risk
aversion process, usually denoted by ¢, it holds that the quantity 1/+;, which can be thought as
agent’s (stochastic) risk tolerance, is replicable.

The first aim of this paper (Section 2) is to contribute to the theory of exponential forward
performance by investigating how agents value contingent claims under such investment criteria.
Valuation in a forward manner has several differences in comparison with the backward valuation
(which is induced by classic utility functions) both in financial and technical sense. In Section 2,
we state and prove a number of properties of the forward indifference valuation and we point out
the differences to the corresponding backward valuation. Namely, based on the characterization
results in [43], we are able to prove that the dynamic version of the forward indifference valuation
solves a certain type of backward stochastic differential equation (the corresponding BSDE that is
solved by the backward exponential indifference price is provided in [26]). Furthermore, as pricing
functional in an incomplete market, the forward indifference value can be seen as a convex risk
measure in the sense of [11]. In subsection 2.2, we give the exact form of the robust representation
of the forward exponential indifference valuation (at the same manner as the related literature on
dynamic convex risk measure, see e.g. [7] and [23]). This representation is useful for proving several
properties of the indifference valuation such as continuity, differentiability with respect to the units
of the claim and monotonicity with respect to risk aversion (see Propositions 2.2 and 2.3).

The second part of the paper (Section 3) is dedicated to the optimal risk sharing between
two agents whose investment criteria are based on forward exponential performances. Optimal
risk sharing problem is about two agents who design the mutually beneficially sharing of their
endowments. This problem is well studied under several models from classic utility functions (see
[4] and [5]) to convex risk measures (see among others [2], [3], [10] and [19]). All of these models are
set in a backward fashion, that is the optimization criteria have a fixed time horizon, which in fact

equals to the maturity of the agents’ endowments. In this paper, we initiate this problem in the
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forward setting and establish its solution in three different cases regarding the model parameters:
(a) when both agents have constant risk aversions, (b) when agents have common but stochastic
risk aversions and (c) when agents have different and stochastic risk aversions. In cases (a) and
(b), closed form solution of the contracts that optimally share the agents’ random endowments are
provided and compared with the classic entropic risk measure case (studied among others in [3]).
For the more general case of different and stochastic risk aversions we need to look at the time
evolution of the inf-convolution risk measure induced by agents’ forward performance criteria. We
first establish the necessary and sufficient conditions under which this measure can be seen as one
induced by some other forward exponential performance. Then, we generalize the results of [3]
in the forward setting and get the stochastic differential equation satisfied by the inf-convolution
measure. In the forward setting the optimal risk sharing consists of three terms, one that has to do
with the sharing of the endowments (which has the same form as the backward valuation setting);
one term that incorporates the sharing of agents’ different beliefs (which does not depend of agents
risk aversion); and a replicable term (which can be ignored since it does not transfer any risk).
The market model used in this manuscript consists of one riskless asset and one risky asset,
whose drift and volatility are driven by a generalized Itd process (a special case of this model has
been used in [37] and [43]). It should be pointed out that the majority of the results in this paper
can be generalized in a straightforward way to models with more risky assets. We choose to work
in this simplified model in order to focus on the interpretation of the results and the explanation of
how agents evaluate claims and share risks under forward looking investment criteria. Furthermore,
this work deals with the exponential type of forward performance, since this type is more tractable
and closed form solutions can be provided. It also helps the comparison with the backward case,
where there are several well-known results regarding valuation and risk sharing issues. Finally, as
mentioned and illustrated in [32], exponential forward performance is quite general and captures a

variety of agents’ distinct characteristics.

1. MARKET SETTING

1.1. Assets and admissible strategies. The market consists of a risky and a risk-free asset.

The risk-free asset is used as a numéraire and its price process evolution is given by
dBt = TBtdt

where r > 0 is a constant. The price process of the risky asset is driven by a Brownian motion

written on a filtration generated by two Brownian motions. More precisely, let (th, Wf) te[0,00)

be a 2-dimensional standard Brownian motion defined on a probability space (2, F,F,P), where

F = (Ft)t>0 is the augmented o-algebra generated by (th, Wf) ): The price of the risky assets

te[0,00
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(St)tefo,00) satisfies the following stochastic differential equation (SDE)
dSt = MtStdt + GtStthl (1)

where So > 0 and (ut)ie[0,00) and (0t)1[0,00) are F-progressively-measurable processes. It is also
imposed that oy > 0, for every ¢t > 0. As usual, we assume that the SDE (1) has a unique strong

solution.

Remark 1.1. A special case of this model is the Markovian stochastic factor model, which has been
extensively used in the related literature (see among others [31], [37] and [41]). In this special case
ue = ((Yy), o = o(Yy), where dY; = b(Yy)dt + a(Y7) (detl +v1- pdet2> and p € (—1,1).

We define the market price of risk process (At)ie(o,00); Via

)\t:Mt_r
Ot

, t€[0,00). (2)
Throughout this paper, we impose the following technical assumption.

Assumption 1.1. For every T > 0, there exists € > 0 such that E [e<1/2+5) Jo Nidu < 0.

We then define the set of admissible strategies
t
A = {F-progressively measurable 7 : E [ / wafds] < o0, Vt > 0}.
0

The discounted wealth process of an admissible strategy 7 with initial capital z at some time

7 > 0 is denoted by (X*™7) ) and satisfies the following SDE

te(r,00

dXTTT = oymp(Nedt + dW}) (3)

where X7™" := z. When the initial wealth or/and the initial time are equal to zero, we simplify
the notation by omitting the corresponding superscript, that is X*7™ := X®™0 X7™7 .= X0™7 and
X7 = X0™0 We also define the set A = {7 € A: X[ € L®(F;),Vt > 0}.

For the model at hand, we introduce the following notations for any time horizon T > 0.

T
Pr = {F-progressively measurable v : / v2du < oo, a.s.} (4)
0
P=(1Pr 5)
>0
and
N={B,v)ePxP: 7PV is a true P-martingale}, (6)

where (Zﬁﬁ”) ) is the solution of the equation

te[0,00
dzPv = — 7BV (B, dW} + v, dW?).

Note that under Assumption 1.1, (A,0) € N.



6 FORWARD EXPONENTIAL PERFORMANCES: PRICING AND OPTIMAL RISK SHARING

For every arbitrarily chosen time horizon T and every (8,v) € N, we define the probability

measure Q%" ~ Pz, by its R-N derivative dzlgiy) = Zrﬁ’”. We also define the set P C P, which
T

contains all processes v € P such that (\,v) € N (similarly we define the set P2).

A simple application of Girsanov Theorem implies that for every v € P the discounted stock
price %tt is a local-martingale under the measure QM. In fact, for the set of equivalent local-

martingale measures M. = {Q ~P: 1% is a Q-local martingale in [0, T ]} it holds that:

Mg = {Q@> v e P}
(see [8] for the proof).

1.2. The forward exponential performance criteria. In this manuscript we assume that
agent’s investment goals are modelled by so-called forward performance criteria (also called forward

or stochastic utilities and self-generating random utilities) introduced in [31] (see also [33] and [43]).

Definition 1.1. A map U : Q x [0,00) x R — R is called a forward performance process if:

(i) It is measurable with respect to the product of the progressive o-algebra on Q x [0,00) and
the Borel o-algebra on R.
(ii) For fizxed w € Q and t € [0,00), the mapping x — U(x) is strictly increasing and strictly
concave.
(iii) For all s >t and X € L>°(F;)
Uy(X) = esssupE [U(X5™0)|F] (7)
TEA>
A forward performance is called exponential if there exist adapted processes (At)ic(0,00) and (Vt)te0,50)

such that v > 0 a.s. for everyt > 0 and
Up(a) = —e et (8)

forx e R, andt > 0.

Remark 1.2. We follow the definition given in [43], which does not require that the optimal strategy
1s attained. The reason for this choice it that we prefer to focus on pricing and risk sharing issues
rather than the technicalities on the existence of the optimal strategy (see also the related discussion
in [43].) An analysis of the portfolio management problem with forward exponential criteria has
been provided in [32], where the authors give explicit formulas for the optimal portfolio m* and the

associated optimal wealth process X*™ | for a variety of model parameters.

When agent’s risk preferences are modelled by a utility function U(x), her investment criterion

(up to some certain time horizon 7T') is the maximization of the expected utility function. That is
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for every t € [0, T], optimal trading strategy is defined by
esssupE[U (X~ ™| F]. (9)
TEA®
The utility given by U(x) = —e™? is called exponential.

The forward performance process can be seen as a modification of the above utility maximization
investment criterion, in the following sense: There is no terminal time horizon set and the choice of
the utility is made at time 0, i.e. Uy(z) = —e?0*+40, For every future time ¢, the utility is updated
by replacing the risk aversion coefficient 7y with a stochastic one =, and the term Ay with A;.
Hence, we shall call the investment criterion (9) backward to emphasize its main difference with
the forward performance criteria.

The following characterization of the forward exponential performance processes has been proven
in [43].

Theorem 1.1 (Zitkovi¢, 2009). Suppose that Assumption 1.1 holds and let Uy(z) = —e ™ 1%+ At pe

a forward exponential performance where % € L°(F;) for all t > 0. Then, there exist processes

Lﬂg )
(Vt)tefo,00)s (Pt)ielo,00) and (Pt)iejo,00) SUch that ¥ € A> and % =X,° , withy € Ry, p,p € P

and

1 t 1 t t
=gt [ Ou= b dutXt -5 [ ddu- [ 6.dwE (10)
0 0 0

where §; = v U0y.

On the other hand, if some continuous process (At)ic[o,00) admits representation (10) where v; =

Lﬂg -1
(X;O ) for some process 9 € A* and for all t > 0 it holds that sup (|¢s| + [9sos| + |ps|) €
s€[0,t]

L®(F;) and et4e € LY(F,), for each n € N, then the random field defined as Uy(x) = —e oAt

is a forward exponential performance.

Example 1.1. A simple example of a forward exponential performance is the case where ¥y = ¢p =
0 for allt > 0. This corresponds to constant risk aversion coefficient (vy is not a stochastic process).
If we further set p; = f%, for every time t > 0, we have that Ay = Ag — %fot A2 du, — fg A dW )

(an exzample that has been used in [41]).

Remark 1.3. Note that the boundedness assumption of 1/, is not very restrictive in financial
sense, since for a given time t, 1/~ denotes agent’s the risk tolerance, which is normally a bounded
quantity. In addition, in view of the definition of the forward expomnential performance, we may

ignore without loss of generality the initial term Ag.

Furthermore, under the additional assumption that p € A, the maximization problem (7) and
hence the forward exponential performance remain the same if in equation (10) we set p = 0. In

what follows we impose the following standing assumption.
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Assumption 1.2. Process p in representation (10) belongs in A™.

Under Assumption 1.2, the characterization of forward exponential performances in Theorem
1.1 allows us to identify the exact elements of these performance criteria. More precisely, the

decomposition of process A; consists of two parts:

e The integral fg (A — 5u)2 du, which reflects how the agent incorporates the market’s devel-
opment in her investment criteria, in a way that this incorporation takes into account her
stochastic risk tolerance level.

e The sum % fot P2 du + fot $dW2. This term does not depend on the level of risk aversion
and it can be considered as the way the changes of the unhedgeable source of the market
make the agent update her subjective probability measure P (see also the related comment

. - _ : izt L [F (O —6.)2
in [42]). This is because —e™*+4¢ can be written as —e 7% +2 Jo(Au—0u) d“Z?’¢.

In what follows we will identify a forward exponential performance process by its characterization
pair (Vt, $t)te(0,00), Where ¥ € A% and ¢ € P.

An important difference between the forward and the standard (backward) exponential invest-
ment criteria (defined in (9)) is that in the former when the optimal strategy in (7) is attained,
it does depend on the initial wealth. However, this dependence is quite clear (thanks to the repli-
cability of 1/7). In our setting, attainment of the optimal strategy in (7) and (9) refers to the
attainment of the essential supremum by same strategy m for every s > ¢, for every initial time

t > 0 and every initial (bounded) wealth X.

Proposition 1.1. Let (J¢, ¢t)ic(0,00) be the characterization pair of a forward ezponential perfor-
mance and set the initial time equal to zero. If the optimal trading strategy process in (7) is attained,

then

T (y) = (x) +v0(y — 2)0 (11)
and
X - XpT = Ry ) 1)

for all z,y € R and t > 0, where 7 (z) stands for the optimal strategy with initial wealth x.

Proof. We first fix initial wealths z,y € R. Since 7*(z) is the optimal trading strategy for initial
wealth x, it holds that V¢ > 0
E[U/(X]™ )] = Un(x)

or equivalently
o [_e_%(ﬂjg W;(a:)dss)+At] — _eoatAo (13)

Similarly for initial wealth y, it holds that

E [_e—%(erfot Tf:(y)dss)JrAf} = —e 0y tAo, (14)
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We multiply both sides of equation (13) by e=°0®=%) and get

E |:_e’yt <x+1—2(y71)+f5 w:(x)dSs)+At:| _ _e—'yoy—i-AOI (15)

But,
LHS Of (15) _ ]E |:_6_'Yt (1"‘!"70(?!_1)(%4']5 ﬂsdss)‘i'fot W;(m)dss)‘i‘At]

) [_e*%(erfot(WO(y*x)ﬁsﬂr;‘(w))dss)JrAt] )

Taking into account equation (14), we get the desired relation (11).

Now, for (12) we have that for every ¢ > 0

t
X0 =y [ mwas,
t t
= y+/ ﬂ;‘(ﬂc)dSs—i-vo(y—x)/ 9.dS,
0 0

= y+ /Otwj(a:)dss +0(y — ) (1 N 1)

Vi o

Tt

0

In the rest of this manuscript, we assume that the agents’ initial wealth is equal to zero. For any

nonzero initial wealth we may apply Proposition 1.1.

2. VALUATION OF CONTINGENT CLAIMS BASED ON FORWARD INDIFFERENCE

If an agent’s investment goals are determined by a forward exponential performance, it is reason-
able to suppose that she uses indifference arguments in order to give values to contingent claims.
The idea of indifference valuation was introduced in the finance literature in [18] and then developed
and analyzed for a number of utility functions and market settings (see among others [16] and the
references therein). This (subjective) valuation concept compares two situations, the one where a
contingent claim is bought or sold and another where there is no transaction on this claim.

For the model at hand, for a certain time horizon 7' > 0 we consider an Fp-measurable payoff
C. The (buyer) indifference value is the price p that makes the agent indifferent between buying
the claim at p and not buying it at all. In our forward performance setting the buyer’s value of
a payoff C' at any time ¢ € [0,7], denoted by v,(C) is the Fi-measurable solution of the following

equation

U, (z) = esssupE {UT <$ — 0 (C) +C + /t ! wstS) Ft} (16)

TEA®
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that is
—e A — egssupE [‘erT(vat(CHC*ftT medSe)+Ar }-t] (17)
TEA®
Due to replicability of 1/v;, (17) can equivalently be written as
—e~ v (CN+Ar — oggqupR [_e*'YT("”C*ftT msdSs ) +-Ar }_t} (18)

TEA®

Hence we get that the forward indifference value at time ¢ of a claim C is given by

A 1
1 (C) = —x — i log (essinﬂE [6_7T<$+C+ftT modSs ) +AT .7-}})
Yoo N TEA>
and again by the replicability of 1/7; we have that
A 1
u(C) = ==L + ~log ( essinfE {ef'yT(CJrftT modSs )+ Az }—t} . (19)
Yo TEA®

Note that that the indifference value v;(C) does not depend on the initial wealth (see also [25], [29],
[30] and [42]).

Results on the value that solves equation (16) have been provided in [30] and in [29] for specific
types of forward exponential performances in a stochastic factor model and in a binomial-type mar-
ket model respectively. The use of forward exponential performance criteria for pricing contingent
claims of American-type has been studied in [25] under the assumption of constant risk aversion.

One interesting question about these pricing mechanisms is how the forward exponential in-
difference valuation differs with the indifference valuation induced by exponential utilities. More
precisely, we want to compare the solution v;(C) of (16), with the solution v (C) of the following

equation

ac—&-fuf(C)—i—ftT TsdSs)

.7'—15] = esssupE [—6—7($+C+If msdSs)
TEA®

7 (20)

esssuplE —e I
TEA®

where v € R, is the risk aversion coefficient. Throughout this paper the price process v? (C) will
be called backward exponential indifference value process.

Such a comparison has been studied in [29] and [31] (for constant risk aversion process). In the
present section, we aim to extend the results on forward indifference valuation for general forward
exponential performance process and by doing so to highlight the special properties of the forward

valuation regarding its comparison with the backward exponential valuation.

2.1. The BSDE representation of the indifference value. It has been proved in [26] that,
under continuous filtration, the indifference value process under backward exponential utility sa-
tisfies a certain type of backward stochastic differential equation (BSDE). Adapted to our market
model, the (buyer) backward indifference value of a contingent claim C € L*(Fr) satisfies the

following BSDE
e T T
(€)= of(0) -] [ Gau- [ cawi- [ o, (21)
t t t
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and
B
vr(C) =G, (22)
where v € R, is the constant risk aversion coefficient, 6 € A, (WtQ)te[O,T} is a Brownian motion

is a true

under minimal entropy martingale measure and under this measure < fot CudW3

)
martingale. We call the triple (vZ(C), ¢, 0t)efo,r) @ solution of BSDE (21) with terfrii[?ig condition
(22). Theorem 13 in [26] guarantees that for C' € L>°(Fr) there is a unique uniformly bounded
solution.

The following proposition establishes that the above representation has a nice extension in the

case of the forward exponential performance.

Proposition 2.1. Impose Assumption 1.1 and let (ﬁtad)t)té[o,oo) be the characterization pair of a

forward exponential performance and assume that there exists a constant K., such that S[lépT]| [e| Lo <
teo,

K., and that ¢ € P%. The forward exponential indifference (buyer) value process of a contingent
claim C € L>°(Fr) is the unique uniformly bounded solution, (vi(C'))ejo,1), of the following BSDE
under the martingale measure QM

1

T T T
v (C) :vT(C)—5 /t Yulidu — /t CudW 29 — /t 0,dS, (23)

and
vp(C)=C (24)
for some processes (0, t)iejo,00), such that
T T
Egr.e [/ Gidu] < oo and Egse [/ ngu] < 00, (25)
0 0
2,0 2 t
where W% = WE + [§ dudu.

Proof. Recall the indifference valuation problem (18)

T
e (X0 (O) |:_e*’YT(X+ft 7sdSs+C)+Ar

)TAr — esssupE ]-"t} , (26)

TEA®
for every X € L°°(F;), where process A is given by the characterization (10), with Ag = 0. We

now define the process (At)tE[O,oo) as

5 —yw(C) + Ay, t < T
Q=] TrelO A (27)
—’)/tC + At, t>1T.
By the replicability of 1/+; we get that for every ¢ > 0
e XA esssupE [—erT(XJrftT msdSs)+Ar ]:t} . (28)

TEAX
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In the view of Definition 1.1, problem (28) leads to another forward exponential performance, where
the risk aversion process remains -y, and the characteristic process is given by A;. By Theorem 1.1,
there exist processes z,p € P such that
~ ~ 1 t - 1 t t
A= Ag + / (Au — 00)? du+ 3 XP — / 22du — / 2, dW?2.
2 Jo 2 Jo 0
Hence, for any t € [0, 7]

A — A
v (C) =
He) Tt
1 A p_ 1 e 2 ' 2
= AO - AO + rYtXt Ty (¢u - Zu)du - (¢u - Zu)qu
Ve 2 Jo 0
A 5 1 /1 [t t
= D (G [t - st [ (0= mpan?).
Y0 Yt \2 Jo 0
Note that with the above notation vo(C) = —% and W29 is a Brownian motion under the measure

QM?, strongly orthogonal to S.
Hence, the indifference value process satisfies the following equation
5 1 /1 [t ) ¢ )
€)= w(€) + XF+ (5 [0 = supaus [ zawze).
Let Ay = %fot(qﬁu — 2y)%du + fg(qﬁu - zu)dW3’¢, for every t € [0,00). A simple application of Ito’s
formula implies that

A 1 t u T AU 2 t u - Au t
Mot Gu=2)” o / = 2) gy | uvuo.awi
Yt 2 Jo Tu 0 Tu 0

where th’A =W}l + fot Aydu. Note that the process ( = d’;z belongs in Pp, thanks to uniform
boundedness of y; for all ¢ € [0, 7] and the fact that ¢, z € Pr. It is left to set 6, = (AW, +pi)or € P
and apply Lemma 2.1 below to get the integrability of fOT 62du and fOT ¢2du under the measure
QM{

Finally, the uniqueness of the solution follows from Proposition B.1 fory =g =G and ¢ =¢. 0O

Lemma 2.1. Impose the condition of Proposition 2.1 and let (vi(C), (¢, 0¢) be the solution of (23)
and terminal condition (24) for some contingent claim C € L°°(Fr), where (vi(C))eo,r) s uni-

formly bounded. Then, there exists a constant K > 0 such that
supEga.s [fT U?H?dt’ .7:7} + supEgx.e [fTT Cfdt’ .7:7} < K
T T

T

where the supremum is taken under any stopping time T € [0,T).

v (C)

Proof. We first apply the It6’s formula for the process e which implies that

d(e"(€)) = u(©) & + nét + Oiot dt + " O dW? + e 0,0,d W} (29)
- 2 2 2 t t tot t
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where, th’)‘ =W+ fg Audu. There is a sequence of stopping times 7,, with 7,, ' T such that
ngT” CudW2? and fg/\m 0,0, dWa are QM-martingales. The boundness of C' implies that for any
stopping time 7 € [0, 7]

Tn 2 202 2
GHCHOO Z EQ>\7¢ |:6”U‘rn(C) . e'U‘r/\‘rn (C)‘ fT/\Tn:| — EQ)\,(# |:/ e'l)t(c) <Ct + Ut 92t + ’Ytgt > dt' -7:7'/\7'”:|
TNATn

> EQM# [fr/\m evt(C) (Lﬁ) dt‘ ]:7-/\7-“}

Tn

e~ 1Cllso ™, e~ ICll ™,
> TEQM# [/ @ dt‘ fr/\rn] + TEQ*@ [/ o Ht dt’ ‘FT/\7'7L:|
T T

NTn NTn

Hence, Egr.s [ITXTH CEdt’ fr/wn] + Egre [fT" Ut2‘9t2dt’ Jr'r/\'rn} < 2¢llCll> . Letting n — 0o com-

T TN\Tn

pletes the proof. O

An agent with characteristic pair (¢, ¢) is indifferent of buying the claim C' at price vy(C') or not
buying it at all. However, in case she buys the claim, she gets a random endowment at time 7" equal
at the payoff C'. Under this random endowment the characteristic pair of her forward exponential
performance criterion changes. In other words, we are asking how a given forward exponential
performance changes when a random endowment is taking into account. Using the arguments in
the proof of Proposition 2.1, we get the exact form of the characteristic pair when the agent has

endowment C delivered at time 7.

Corollary 2.1. Impose the condition of Proposition 2.1 and let (vi(C),(;,0:) be the solution of
(23) and terminal condition (24) for some contingent claim C € L>°(Fr), where (v¢(C))icpo,r] 45
uniformly bounded. If an agent with characteristic pair (9, ¢) buys claim C at price vo(C), the

characteristic pair becomes (9, $C) where

ot — G, t<T;
oF = (30)
¢t, t>T,
and the forward performance process becomes UL (x) = —e‘”x‘FAtc, where
1 t 1 t t
A== L [ 8wt X! - 5 [0 [ oaw
Y0 2 Jo 2 Jo 0

and 0 is a process such that 0, = 0, for everyt > T.

Remark 2.1. Note that the constant risk aversion of equation (21) becomes stochastic in (23) in

a mild manner. In addition, the minimal entropy martingale measure is replaced by the measure

Q.
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2.2. The robust representation. As in the backward indifference valuation, the forward val-
uation can be considered as a dynamic (convex) risk measure in the sense of [7] (see also [42]).
For a fixed time horizon T', the map —uv:(-) : L®(Fr) — L*°(F;) is convex, cash invariant and
decreasing. In the following theorem, we state its robust representation. For this we need to define

the set of martingale measures with finite entropy
PH ={veP): Egllog 2] < oo} (31)

Theorem 2.1. Impose Assumptions 1.1 and 1.2, let (U1, ¢t)iejo,00) be the characterization of a
forward exponential performance and T > 0 some time horizon. If we assume that there exist

constants K, e > 0 such that
(i) E[e(+e) Iy 9udu) < o0 and
(if) sup ||yl < K5,
te[0,7
Lﬂg -1
where v = | X,° , the forward indifference (buyer) valuation process (vi(+))icjo,1) defined in

(18) has the following representation

v (C) = eses})I}If{EQx,u [C|F] + ar 7 (QM)} (32)

verr
for every C € L*>(Fr), where
1 T (vs — ¢5)°
W% s s
ar7(QY) = zEgan [/ ————ds

! ( ) 2 0 t Vs
Furthermore, the infimum in (32) is attained by the process v} = ¢ + iy, for t € [0, T, where ¢
is the corresponding part of the solution of BSDE (23).

ft} . (33)

The proof of Theorem 2.1 is relatively lengthy and technical and for reader’s convenient is placed

in the Appendix A.

Remark 2.2. The martingale measure which minimizes the penalty process oy T, is the measure
QM?, which does not depend on the time horizon T. This means that the agent’s marginal utility
valuation (the so-called Davis price) is the (conditional) expectation of the payoff under the same
martingale measure regardless the maturity of the claim. This is in contrast with the backward
exponential valuation, where the corresponding measure is the minimal entropy martingale measure,

which depends on the time horizon the utility lives in.

We can now take advantage of representation (32) and prove some properties of the valuation
under forward exponential performance criteria. Throughout the rest of this section, we fix the
process ¢ in the characterization pair of the forward exponential performance and use the notation
v(C;v) to emphasize (when needed) the dependence of the indifference valuation on the risk

aversion process.
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Proposition 2.2. Impose the conditions of Theorem 2.1 and fix a time horizon T > 0. For every
contingent claim C € L°(Fr) the following statements hold true.
(i) The forward (buyer) indifference value is decreasing with respect to risk aversion in the

following sense: If (gt)icjo,r) s another risk aversion process with yr > gr, a.s., then
u(Csy) <uw(Cig) as.,

for any t € [0,T].
(ii) Let ((%(n))tE[QT])neN be a sequence of risk aversion processes, such that yr(n) /oo in P,
asn — 0o. Then

vi(C;y(n)) — inf Egau[CF] a.s.,
vePH

for any t € [0,T).
Also if yp(n) \(0 in P, as n — oo then,

vi(C;v(n)) — Egas [C|F] a.s.,

for any t € [0,T].
(iii) For each risk aversion coefficient, the forward indifference valuation is time consistent in
the sense that
vr(vs(C)) = v:(C) a.s.,
for any stopping times 7,5 with 7 < s <7T.

(iv) The indifference valuation is replication invariance, i.e.
v (C+ X9) =0, (C) + XV as.,
for every 6 € A.

Proof. Part (i) follows directly from the robust representation of the forward indifference valuation
given in (32). Again from (32) and the monotone convergence theorem we get the first item of part
(ii). For the limit of the indifference value when yr(n) N\, 0, we use similar arguments as the ones

in [26]. Thanks to the robust representation of the v,(C;~(n)), it is enough to show that

linrr_1>i£fvt(0; 7(n)) > Ega.s[C|F].
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We shall show the above inequality for ¢ = 0, since the more general case is proved similarly. By

Fenchel-Young inequality zp > 2=~ _ 2 lof(p ), we get that for every v € PH
Z'%V —yr(n)C
z 70% ~ ¢ 1z Zv
Egnv[C] =Egue O3] 2 Egus | — 55 log | =15
Zyp vr(n) vr(n) Z Zy
:ZO,V
ﬁ — E_VT(H)C 1 ZO,Z/ 0,v
vr(n) vr(n) Z3: Z%

B SN Kl I =S T S LR
= EQA,4>[ ’YT(n)] 2EQ)\,J/ ['YT(”)/O (ps — vs) ds]

1 — e r(MC Ly T
e E A, ¢ \,v |: QSS —_ S :|
° vr(n) ] 2 Q yr(n) Jo
Thus,
o o 1— e r(MC
llflrgg.}fvo(C, ")/(’)’L)) > hnrgngQ)"d) T(n)

which gives the desired result.
From the definition of the forward indifference valuation (18) and representation (19), we get

that time consistent property (iii) is in fact equivalent to equation

F,| = essinf [ e (Fu (O 0udSi)+A.

|:€_'YT (C+[ mudSu)+Ar
feA>

essinflE
TEA®

S PC)
where 7, s are stopping times such that 7 < s < T. Again by using representation (19) and under

slight abuse of notation we can write the RHS of (34) as

essinfE |essinfE [6_7T<C+IST TudSu)+ A7 =75 [ budSu .7:5} ‘ Jr| -
feA>x TEA®
Due to the reblicability of the process 1/, the latter term equals to
essinfE |essinfE [e_VT(C'HST mudSu+t[7 fudSu) +Ar .7'—5} ’ Fr|-
feA> TEAX

Then, (34) follows by the dynamic programming principle (see among others Theorem 3.1 of [39]).

Finally, part (iv) is a consequence of the indifference valuation robust representation (32). O

Remark 2.3. All items of Proposition 2.2 can be considered as extensions of the properties of
the backward indifference value vP(C), defined through exponential utility function in (20). For
example, although the forward performance criterion has stochastic risk aversion, the monotonicity
of the indifference value is preserved, something that is consistent with the financial intuition: the
higher the risk aversion at the time of maturity is, the lower price the buyer is going to bid.

The main difference between forward and backward valuation is that the so-called marginal mar-

tingale probability measure, i.e. the measure that minimizes penalty function, is QM in forward
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valuation and the minimal entropy martingale measure in the backward case. The important dif-

ference between these measures is that QM does not depend on a time horizon.

Remark 2.4. A special case of the forward exponential performance is when the risk aversion
1s constant. Then, the problem of the indifference valuation has an immediate relation with the
associated problem of the backward valuation. This is because, given a maturity T of a contingent
claim, the forward utility function at T can be written as Up(x) = —6_7($_ATT), and the term
—ATT can be thought as an Fr-measurable random endowment. Therefore, we may consider the
forward performance indifference valuation as a backward indifference valuation under this random
endowment. A number of properties of this value, called conditional indifference price, have been

provided in the Appendiz of [1].

One further property of the indifference value that can be proved using the robust representation

of the price is the following.

Proposition 2.3. Impose the conditions of Theorem 2.1 and let C € L*°(Fr) be a contingent

claim for some time horizon T > 0. Then, the function
R>awr f(a) =vp(aC)
1s differentiable and
f'(a) = EQW(QC) [C] (35)

where ¢§a0) = ¢ — 1 (aC), for t € [0,T] and ((aC) is the corresponding part of the solution of
(23) for boundary condition aC'.

Proof. We will show the result when a = 0. Thanks to item (ii) of Proposition 2.2, we have

. ’U()(EC) . . 1 /T 2
1 =1 Egrv |C — d
e = AR
— EQA@ [C]
We also observe that E%M = _E%M = Egx.s [C], which means that f'(0) = Ega.s [C].
The more general case of a # 0 follows from the same arguments and Remark 2.1. g

Note that in the case of backward valuation the situation is similar. Namely, the function
g(a) = vB(aC) is also differentiable and its derivative is given as Eg(acy[C], where the Q(aC) is
the martingale measure that minimizes the relative entropy with risk to the measure P(aC') defined
by its R-N derivative %%C) = ce” 7% for the appropriate constant ¢ (see [20] for details on this

result).

Remark 2.5. The derivative of the indifference valuation with respect to the units of a given claim

can be used in the determination of the number of units that the agent is willing to sell/buy when
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the price of the contingent claim is given. In other words, it leads to the agent’s demand function
on this claim in the same manner as in [1|. This differentiation result can be applied for a vector

of claims in straightforward way.
The arguments of the proposition below follow similar lines as those in Proposition 14 of [26].

Proposition 2.4. Impose the conditions of Theorem 2.1 and let C™ be a bounded sequence in
L>°(Fr) such that C™ — C in probability for some C € L*>°(Fr). Then
sup |v(C") — v (C)| — 0 (36)
0<t<T

in probability.

Proof. Thanks to Proposition 2.1, the indifference values of C' and C" satisfy the following relations

1 T T T
C = vt(C)+§ / Yulidu + / CudW2? + / Oy AW
t t t

1 T T T
C" o= w(C)+5 / (€l du + / CrdWo? + / 00 dW,
t t t

for some processes ¢, (", 0 and 0". Hence,

T 1 T T
w(C)=u(C) = C"=C+ [ Ou=odWi 5 [ (Gt [ (G- (37
t t t

We then define for each n € N, the sequence of processes v4(n) = —3v,((; + (/') and by Lemma 2.1
v(n) € 73% for each n. Under the probability measure Q) defined through its R-N derivative

38)\@ =&r </0 Vu(n)de"z’)

v (C") = v(C) = Egm) [C™ — C|F]. (38)
The next step is to show that the process (f(f Yu(Cu + Cu(n))dW3’¢) o is a BMO(QM?)-martingale.
telo,
Indeed, thanks to the Lemma 2.1 we have that

we have that

. 2 T
H / Yu(Gu A+ Gu())dW = sup 'E@w { / Yo (Gu =+ Gu(n))?du fT}
0 BMO T T Loo
T T
< Kgsup HEQA@ [/ (Cu(n))?du .7-"7] —i—K,%sup‘ Egx.e [/ (Cu)*du fT] < 00
T T Loe T T Loe

where supremum is taken under all stopping times 7 in [0,7]. Theorem 3.1 of [22] guarantees the
existence of two constants p > 1 and ¢ > 0 such that
sup Egn.o [e%ff u(n)idu—pffv(mudwi»d" ft] e
0<t<T
for each n € N. Then, (36) follows by applying the Hélder’s and the Doob’s maximal inequalities.
([l
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3. OPTIMAL RISK SHARING

In the present section, we consider two financial agents whose investment criteria are modelled by
forward exponential performances and we address the problem of optimal risk sharing. We denote
the characterization pairs of agents’ performance criteria by (6%, ¢t)iej0,00) and (U, ¥1t)1e[0,00), With
the risk aversion processes 7y, g defined by the equations % =X %’9 and % =X %’19. Also, U}
stands for the corresponding agent’s forward utility at time ¢ and A* is the associated process in
the representation (10), for ¢ = 1,2. In addition, we assume that each agent has some initial (non-
replicable) endowment in her portfolio, denoted by £ € L>°(Fr), for some time horizon T' > 0.
The sum € = E! + £2 is the so-called aggregated random endowment.

The problem of optimal risk sharing (as formed in the mathematical finance literature in [2] and
[3]) is finding a contract C* and a price p* which solve the following problem

T
argmax  sup E [U}(El + / msdSy + C — p)]
CeL>®(F),peR m€ A>® 0

Given that

T T
sup E |UA(E? + / wsdsu)] < sup E [U%(f;? + / 7sdS, — C +p)
TEA® 0 TEA® 0

As shown in Section 2 of [2], from the definition of the indifference valuation (18) and its replica-
tion invariance property (part (iv) of Proposition 2.2), we get the following more tractable equivalent
problem

argmax {v}(E' + C) + v3(E? — C)} (39)
CEL>®(F)

where, v(-) denotes the (buyer) indifference valuation of the corresponding agent at time t = 0,

where i = 1, 2.

Definition 3.1. We say that agents are in Pareto optimal situation if the set of the solutions of

problem (39) consists of replicable claims or equivalently if
Vo(EN +C) + 15 (E% — C) < v (EY) + v§(£2). (40)
for every C which is not replicable.

Problem (39) introduces the so-called inf-convolution measure

E)= inf LEe—-0)+pi(C 41
)= int {5 (E—C)+ 7)) (41)
where p(C) = —v}(C) for i = 1,2 is the convex risk measure induced by the associated forward

exponential performance criteria. Note that p maps payoffs in L>(Fr) to R U {—o0}, where the

time horizon T is the maturity of the agents’ endowments.
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Assumption 3.1. There exist constants €, K > 0 such that sup ||v||Le, sup ||gi|lL~ < K,
te[0,7] te(0,7)

E[e(!*¢) Iy udu] E[e(1+e) Iy vudu] < o0 and Assumption 1.2 holds for both processes A' and AZ2.

A first result, the proof of which is based on Theorem 2.1, is that the inf-convolution measure
of two forward exponential performance processes is not a risk measure that is induced by another
forward exponential performance criterion (something which is in contrast with the inf-convolution

measure induced by exponential utility functions).

Proposition 3.1. Impose Assumptions 1.1 and 3.1. The inf-convolution risk measure p defined in
(41) is induced by a forward exponential performance process if and only if ¢y = 1y for allt € [0,T],
a.s. In this case, the characteristic pair of the forward exponential performance is (0¢ + 3¢, ¢1)iecjo.1]
and the risk aversion process is given by

Vgt

I, = . 42
! Yt + gt (42)

) _ eFtI+At

Hence, the forward exponential performance can be written as Uy( , where

At_;/ot (A — / ¢2du—/ PudW?2, (43)

and 0y = Ft(et + ?915)015
Proof. Theorem 3.6 in [3] states that the penalty function of the inf-convolution measure is the
sum of the penalty function of the involved risk measures. In our setting, the penalty function of

p can be written as

AU 1 T (Vs - (;58)2 (Vs - ws)Z
at,T(Q ) B iEQ)\W |:/t Vs * s d

Assume that p is induced by a forward exponential performance. A necessary condition for this

s ]—"t] (44)

for every t € [0, T].

is the existence of a risk aversion process I' and a process q; such that
/T (Vs_(£8)2d8 :EQA,V |:/T (Vs_d)s)Q 4 (Vs_ws)QdS
t Ls t Vs Js

for every t € [0,7] and for every process v € 73%{ . Setting ¥ = ¢ and taking into account the

Fi

]EQ)\,I/

;

positivity of v and g, we get that ¢, = ¢ for all t € [0,T], a.s. But VW—ZQ is replicable and bounded,

1 7 b yr+gr [T
Egry | =— Vg — Sst}"}:E V[/ vs — g)?ds
v [FT/t ( ¢:) ! o yrgr Ji ( ¢:)

for every t € [0,7] and for every process v € PH | which first implies that 6= ¢andthenT; = ;t’f;t,
vVt € [0,T].

therefore

g
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For the inverse part, we assume that ¢, = 1, for all ¢t € [0,T], a.s. Equation (44) implies that

1 T g + g
Oét’T(Q)\’V) = §EQ/\,V |:/ s 5 (Vs — ¢5)2d8 ]:t:|
t Vs9s
for every t and v. Letting I'y = 19 completes the proof. O

Yt
Remark 3.1. Proposition 3.1 states that only in the case where agents adapt their subjective
probability measure up to the maturity of their endowments in the same manner, the representative
agent can be considered as behaving under forward exponential performance criteria. In other word,

when ¢ =1p Theorem 2.3 in [3] has a direct extension in the case of stochastic risk aversion.

3.1. The special case of replicable endowments. A special case is when agents do not have any
endowment in their initial portfolios or when both endowments are replicable, that is Izt 72 € A®

and c', ¢ € R such that & = quj’ﬂi, fori=1,2.

Proposition 3.2. Let Assumptions 1.1 and 3.1 hold true and assume that E' and £% are replicable.

Then, agents are in Pareto optimal situation if and only if ¢ = 1 for every t € [0,00) a.s.

Proof. The result follows from the dual representation of the indifference valuation (64) and the
Theorem 3.6 of [3], which states that Pareto optimality is equivalent to the equality of the agents’

marginal martingale measures, that is QM = QMY O

Proposition 3.2 implies that agents are willing to trade some non-replicable claims if and only
if the way they adapt their subjective probability measure is not the same at all times. Note that
this statement is independent on the agents’ risk aversion processes v and g. Another way to
interpret this result is that if agents do not include in their utilities the unhedgeable part of the
market (i.e. when ¢ = 1) = 0), they are unwilling to make any non-replicable transaction, no matter
how their risk aversion processes differ to each other. This can be seen as a generalization of the

corresponding result in the case of backward exponential utility (see Proposition 3.8 in [1]).

3.2. The case of constant risk aversions. In the simplified case where the agents’ risk aversion
are constant, we may exploit robust representation (32) and explicitly solve the sharing problem
(39). This is in fact because under constant risk aversion, the contingent claim valuation problem
can be written as conditional indifference valuation under classical exponential utility (see Remark
2.4). Hence, we are able to establish not only the way that agents optimally share their endowments

but also how they can trade the difference in their beliefs (i.e. the difference between processes ¢
and ).

Proposition 3.3. Impose Assumptions 1.1 and 3.1 and suppose in addition that agents’ risk aver-
sions are constants, i.e. v,g € Ry. Any claim of the form

1 /T¢t2_¢% /T 2) 952_751 c,m
dt + Py — G )dWE ) + ——— 1 + X5 45
7+9< 0 2 0 W = e)dW, Y+g T (45)
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for some ¢ € R and m € A, solves the optimal sharing problem (39).

Proof. By robust representation (32) (see also its proof), we get that for every claim C' it holds
that
101 202 . I 2 i 2
(€& +C)+v5(E°—-C) < wlgr;)ng@A,u [5 + 27/0 (vs — ¢s)°ds + 29/0 (vs — s) ds] . (46)
For very claim C* of the form (45), we have that

T N2 2 42 _
v +C*) = inf Ega [g &+ 1/ <(VS ¢s) + Ya—dp 20 ¢s)> ds] +c
vePH Y+y9 2 /o 8l T+yg vY+yg

I inf R [5+1/T( ¢>)2d+1/T( w)Zd]-i-
= in A — Vs — ¢g)°ds + — vs —g)?ds| + ¢
° 27 Jo 29 Jo
Similarly, we get that

2702 * _ . Y 1 T (Vs_ws)2 ¢§—¢§ 2(¢S_¢s)
wE =) = I Ee [’Hg€+2/o ( g vtg vty )ds]_c

= T inf Egrv [5 + L /T(Vs — ¢)%ds + 1 /T(Vs - z/)s)zds} —c
27 Jo 29 Jo
Therefore,
101 * 2/ 02 * : LT 2 L 2
V(€ + C*) +v5(E7 = C*) = VlerggIEQA,u [5 + 27/0 (Vs — ¢s)"ds + 29/0 (vs — 1s) ds]
which together with (46) completes the proof. O

In other words, the optimal risk sharing part consists of three elements: the optimal sharing of
the agents’ random endowments which is exactly the same as in the backward exponential utility
case (see [2]), the sharing of the agents’ perspectives about the probability measure (in the way they
are incorporated on the agents’ forward performances) and a replicable part (which can essentially
be ignored since it does not transfer any risk).

If there are no endowments, the agents share their difference of beliefs regarding the evolution
of the probability measure through the contract with payoff —— ( T it gy + fOT(l/Jt — qbt)dWE).

Y+g 0 2
Note that the expectation of this payoff increases (in absolute terms) as the difference of the

processes ¢ and 1) increases (this means that intense difference in beliefs implies high volume of

transaction).

3.3. The case of stochastic risk aversions. In the case where the agents’ risk aversion coeffi-
cients are stochastic, the optimal sharing problem is more involved, since the methods used in the

backward exponential utility case can not be applied. Recall that problem (39) is equivalent to
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finding a claim C* that maximizes the sum v (£ + C) + v3 (€2 — C), for which we have
V(N +C) +15(E° = C) =

_ . L
::iME®y9+C+1/m‘¢Qmﬁ+hﬁ&pﬂﬁ—0+l/(%%0@]
L 0 0

vePH 2 s vePf! 2 9s
r 1 T _ 2 1 T _ 2
:iME@W5+C+/ @S¢@d%+iﬁE@WPC+/ W9¢@d%.
1/67371? L 2 0 Vs VEP{? 2 0 gs

The way that the optimal risk sharing problem can be solved is through the construction of the
dynamics of the inf-convolution measure, which will give the existence and an implicit form of the
optimal risk sharing contract.

We first note that under Assumptions 1.1 and 3.1, the agents’ dynamic indifference value for any
bounded contingent claim C' solve the following BSDE’s under the minimal martingale measure

QM (see Proposition 2.1)

~Aph(C) = dXT L (ulC)? ~ 26 dt — GaWE, ph(C) = O (47)
A0 = X+ 5 (@ — 2 dt - GAWE, HC) = ~C (15)

where 7!, 72 € A and ¢!, ¢? € Pr. Adapting the argument lines of Section 3 of [2], we consider a
claim C' € L*°(Fr) and introduce the BSDE

—dF, = f(t,G)dt — (dWE +dX], Pr=-C, (49)

where for every ¢ € [0, 7]

GVt + gede) + (hr — )?
Ve + Gt '

F(0.6) = 510 (G + (0= 0 -

The solution of (49) is given by a triple (Fi(C), G, 6;).

The following theorem solves the optimal risk sharing problem under forward exponential per-

(50)

formance criteria.

Theorem 3.1. Impose Assumptions 1.1 and 3.1, assume furthermore that fOT(¢u — ¢u)?du €
L°(Fr) and let (p%’z(é’), Ct,c9t1’2) be the solution of (49). Then, for every t € [0,T]

1,2 : 1 2
“(E) = f E-C C
pE) = it {0l C)+ A(O))

and the optimal risk sharing claims are of the form

o — 52_/T <9t <7t§t + (¢ — ¢t)>2 N Vet + (Y — ¢t)¢t> dt—/T Vet + (Y — ¢t)th2+X%w
0 0

2 M+ gt Yt + gt Ve + gt
(51)

for some c € R and m € A>.
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Proof. First we get from the following Lemma 3.1 that BSDE (49) admits a unique uniformly
bounded solution. After simple calculations we get that for every processes z and y and for every
te0,T]

ft,z) < % (ve(ze — ye)® = 2(ze —ye)e) + % (9097 — 2yetn) - (52)
Let C € L®(Fr) be an arbitrarily chosen claim and (p} (€ — O), ¢}, 7, ) and (p?(C), (2, 7?) be the
solutions of the BSDE’s (47) and (48) with boundary conditions C'— £ and —C respectively. This
implies that if we set 7; = 7} +77 and G = ¢} +C2, the triple (pf (€ —C)+p?(0), (;, 7¢) is a solution
of the following BSDE

—dCy = % (ye(ze = G2)* = 2(2e — ) ) dt+% (9:(G)* — 2GEy) dt — 2 dWE+dX], Cr=—E (53)

for ¢2 given. Then by Proposition B.1 and inequality (52), we get that p;*(€) < pL(€ — C) + p2(C)

for every claim C and every time ¢ € [0,T]. Also for process ¢

F(8:6) = 5 (G — 2007 = 2G — 20)60) + 5 (903} — 220)

Cevet(Pe—oe) A
Yt+9t = P

The next step is to observe that for the process

. t g t
ct:_/ (izg—zsws) ds+/ 2, dW2
0 2 0

the triple (Ct, 2, 0) is the unique solution of (48) with boundary condition C' = Cr, i.e., C; = p?(C).

We also have that if (p} (€ — C), 2}, 7)) is the solution of (47) with boundary condition C' — &,
then (p} (€ — C) + p(C), 2} + 2, 7}) is the solution of (49) with boundary condition —€. Thanks
to Lemma 3.1, we have that p} (€ — C) 4 p2(C) = py*(€), which in turn means that C* = £2 — C

and for every t € [0,T], where 2, =

is an optimal risk sharing contract. The fact that we can add/subtract any replicable claim on
the optimal risk sharing contract is a consequence of the replication invariance property of the
indifference valuation (see Proposition 2.2, item (iv)).

The final part of the proof is to show that every optimal risk sharing claim admits the form (51).

If C is another optimal sharing claim then

o {po(€ = 0)+p*(O)} = po(€ - C) + p(C) = py(€ = C*) + pp(C™).
Due to the convexity of the risk measures, this means that for every [ € [0,1] the contract IC* 4

(1- Z)C’ is also an optimal risk sharing contract. This in particular implies that
po(IC™ + (1 =1)C) = 1p(C*) + (1 = )p3(C)

or equivalently,

VR(IC* + (1 = 1)C) = W (C*) + (1 = D)2 (O). (54)
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In the view of the robust representation (32), equality (54) implies the existence of a process

v* e Pg such that

v* = argmin{Eqgx.. [C*] + a0 (QM)} = argmin{EQA,y[C’] + aor(QM)}. (55)

11673{! 1/67325{

Now, Proposition 2.1 guarantees the existence of processes §*,£ that satisfy condition (25) and

processes 6%, 6 € A® such that

1 T T T
= By [ weras [ gawzes [ oas, (56)
0 0 0
R R 1 T . T T
¢ = O+ [ @it [ awz s [ duas, (57)
0 0 0

But from Theorem 2.1, v} = 1y + &F gy and vf = iy + &gy for all t € [0,T]. Hence, & = & for all
t € [0,T], which combined with (56) and (57) implies the existence of some constant ¢’ and process

9" € A such that C* = C + X;/ ¥ The latter equality completes the proof. O

Lemma 3.1. If we impose Assumptions 1.1 and 3.1 and assume furthermore that fOT(@ZJu—gbu)Qdu €
L (Fr), the BSDE (49) admits a unique solution (Fi(C),z,0;) for every C € L*>(Fr), with
(Ct)iejo,m) being uniformly bounded. In addition, Fy(C) is for any time t € [0,T] a convex risk

measure.

Proof. First we define the process k; = %, for t € [0,7], and note that k € P3. Under the

martingale measure QM* the BSDE (49) is written as

1
—dFy = 5 (Tuz}dt - 22 dWEF) + dX? + dL;, Fr=—C (58)
where I'; = %, W2k = Wf + fot kydu is a standard Brownian motion under QM*, orthogonal to
W' and L; = % fg (Fu(@bu — ) — %) du. We then observe that the BDSE
N 1 o N
—dF; = 5(rtzfdt — 2 dW?) +dX! Fr=—-C+ Ly (59)

admits a solution (F}, 2;,60,), which is in fact the dynamic risk measure p,(C — L) induced by
the exponential performance criteria with characterization pair (6; + ¥, k;). This means that
(Ey — Ly, 2, 6,) is a solution of (58), where (F}, — Lt)iejo,r) is uniformly bounded. The uniqueness
of the solution follows by Proposition B.1.

Finally, the fact that F;(C) is a dynamic convex risk measure is a consequence of Proposition
B.1 and the convexity of f(t,(;) with respect to (; (see also Proposition 5.1 of [13] and Proposition
5.1 of [35]). O

Remark 3.2. We note that when ¢y = 1y for every t € [0,T], equation (49) becomes similar
to (47) and (48), where the risk aversion process is given by I't (see (42)). This means that the
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inf-convolution measure is a dynamic risk measures that is induced by an agent with exponential

forward performance criteria with characteristic pair (6 + U4, @) (see also Proposition 3.1).

Before we end this subsection, it worths to check what happens to the optimal risk sharing
contract when the agents have the same risk aversion process. As it is shown below, in this case

the optimal risk sharing problem (39) can be solved explicitly.

Proposition 3.4. Impose Assumptions 1.1 and 3.1 and suppose that v, = g, for every t € [0,T].
Then, the optimal risk sharing claims are of the form

1 (T2 — g2 /T¢t—¢t , E2-¢&t e
— ——dt+ dWe + + X7 60
2/0 Ve 0 Mt ¢ 2 T (60)

for some ¢ € R and m € A.

Proof. Tt is enough to show that for every claim C* of the form (60)

1 T

vy (EF +C*)+v5(E°—C*) = inf E ,V{E—i—/ Vs — Og)° + (Vs — 1)y ds]. 61

HE+ O (e = 0 = ik B [ 5 [ (0= 000+ - ) (61)
We first observe that for every such C* and every v € PH, Egav [5 Ly o+ % fOT O"“;%)st} equals
to

Eow |5+ 5 ( [ Iy jan? )|
v | - s — Us s~ Ws s — Ws s
Q 2 2’}/’]“ 0 0

= mou [5 i ([ (e o+ e vias)]

4t

Applying the same calculations to Ega.. [8 20+ % fOT (V‘“;%)st], we get that

£ 1 r
1ol * 2/ 2 x . 5 )
vo(E°+C)+v5(E—-C") =2 Inf Egr | = + — / Vs — Og)“ + (Vs — g dsﬂ
HE €4 - 0 = 2 i B |54 i ([ (=074 (=)
which is equivalent to (61).

Uniqueness of the form (60) is proved by the same arguments as the ones in Theorem 3.1. [

If the agents have the same risk aversion process, the sharing of their endowments is exactly the
same as the corresponding situation of entropic risk measures (i.e., when agents have the same risk
aversion coefficient). This implies that after the transaction both agents have the same random
endowment, £/2. Note also the similarity of the other terms of the optimal contract with those of

the case analyzed in subsection 3.2.
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APPENDIX A

Proof of Theorem 2.1.
We fix an arbitrary chosen contingent claim C' € L°°(Fr) and following the steps in the proof
of Proposition 2.1 we set Ay = —yvi(C) + Ay, A first form of the robust representation of the

indifference valuation may be provided by applying Theorem 4.4 in [43]. In particular, we have

that o
1 1 ~ 1 1 Z ~
— <10g <> -1- At> = essinfEg | — | log —% —1—-A7p || F|, (62)
V't e QeMz T T Z,

where (Z;@) o) is the density process of the probability measure Q with respect to measure P
telo,

and is defined by Z; = Ep { y ([Pfl‘@ )
Fr

.7-}], for t € [0,T]. Equation (62) implies that

1 1 22
— [ log —% —-1-Ar | +C
T T Z;

A simple rearrangement of the terms gives that indifference value process has the following dual

1 1
- <10g <> -1- At> + v(C) = essinfEq F (63)

Ve Ve QeM7,

representation
0(C) = essinf{Eq[C|F] + H/(Q,T)} — H(T), (64)
QEMS,
where Q o
1 Z 1 Z
H(QT)=E |h|—-L | - —"LAr|F|,
(@1 ('YTZ:?) 'YTZ;@ e

with h(y) = ylog(y) — y for y > 0, and Ht(o) (T) = 6ssEth(Q,T). In other words the penalty
eMp

function of the dual representation of the v, is equal to H¢(Q,T") — Ht(o) (T), for t € [0,T7.
The next step is to show that the non-constant term of the penalty function, namely the process

(Hi(Q,T))e(0,7 can be written in the following way

T _A\2
H(QM,T) = h <1> _ Ay %EQA,V [/t s = 5)”

f] , (65)
Yt Yt Vs
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for every v € PH. Indeed, taking into account Theorem 1.1, we have that
T

1 Z)\,z/ 1 Z)\,V 1 Z)\fé,u 1 Z)\fé,y
Ht(@A7V7T) = Elh|— gl/ o KVAT =E|h|— 7)?—51/ A §—5VAT
RV vz Mz n"Z; "

Fi

.

1 257 1
= —E s |10 L) —Ap| F| - —
o g(% Zt>‘_67"> 17w

1 Z)\fzi,u
= h + —Egrs. |log | =L— | — Ap| F
(%) O (Zt’\_‘;”’ !

1 A1 UT ) ]
= h|l—|—-——4+ —FEqprs. Vs — Og)°ds| F
(’Yt) " 27 R t ( ¢s) !

1 T T
+ ;EQHW [/ (Asés)dWsl’A“s/ (Vs — ¢g)dW 2V ]-"],
t t

where W70 = W} + [5 (A = 8u)du and WY = W2 + [ vudu, for t € [0,T]. In order to show

(65), it is left to prove that for every v € PT , the expectation of the stochastic integrals is zero.

For this, thanks to the uniform boundedness of process 7, it is enough to show that

T T
Ry 2
Egv [/0 (As — 0s) d8+/0 (Vs — ¢s) ds] < 00

By item (i) and the inequality ylogy — y + €* < zy, which holds for every y > 0 and =z € R, it
follows that fOT A2ds and fOT ¢2ds belong in L} (QM, Fr). Also, finite entropy of Q" implies that
Egav [ f(;[ l/gds} < oo (see the proof of Theorem 1.9 in [22]), whereas the same condition for process

d is guaranteed by the uniform boundedness of v (see also Lemma 2.1). It is left to observe that

T Vs — 32
] EQMM (e = 6o) %d’)ds‘ft],

The next step is to find the martingale measure that minimizes the term H;(Q,7") and show

replicability of <%>te[0,T] implies that

1 T
Egh. [W | tn=oura

which finishes the proof of equation (65).

that it belongs in the family of measures with v € PH. Note that item (i) and an application of

Hoélder’s inequality guarantees that

o
dp>1 such that E [exp <§/ (62 + Ai)du)] < 00, (66)
0

which implies that ¢ € P3. In the view of representation (65), this means that ¢ = argminH;(QM, T').
vEPH

Hence, this minimization can be restricted to the set 77713' if the measure Q% has finite entropy with

respect to P. The latter however is guaranteed by (66) (see also Remark 1.2 in [22]). Therefore,

HO(T) = essinf H,(Q*, T) = h <1> _ A
vePH Yt Vi



FORWARD EXPONENTIAL PERFORMANCES: PRICING AND OPTIMAL RISK SHARING 29

The final step of the proof is to show that the essential infimum in (32) is attained by the measure
QY"* and that v* € 73:1;] , where we recall that v = ¢; + (;v;. From (64), we have that for every
v € Py and for all t € [0, 7]

() < Egan [C1F] + H(QM, T) — HO(T).

Proposition 2.1 guarantees that there is a triple (v:(C),(t,0t)icpo,r) that solves the BSDE (23).

Thus, for every v € 73%

1 T T T
u(C) = Egan [C +3 /t (2¢u (v — Du) — YuC2)du — /t CadW2Y — /t SudW i

]—“t] . (67)

Note also that for process v*, it holds that 2¢(v* — ¢) — v¢% = % From Lemma 2.1 it follows
that (fot CuquM))t o0 is a BMO(QM?)-martingale and by Theorem 3.1 of [22] and the Hélder’s
€

)

inequality we get that v* € 73%. It is left to show that this minimizer belongs in 7321;1 too. For

this, we first show that (f(f CudWZV*)tG[O,T} and (fg 5udW1’/\)t€[0?T} are BMO(QM")-martingales.

Following the lines of the proof of Lemma 2.1, we apply 1t6’s formula for the process (eﬁvi(c)) 1e[0.7]

(where 8 € Ry and (v(C))sepo,7] is the solution of (23)) to get that for any stopping time 7 € [0, T

B (C) _eBor(0) = / ! @) <C2?5(5 — ) + ;5§> dt+ / ' PO BGdWY + / ' P gg,aw .
™ T T
Note that there is a sequence of stopping times 7,, T such that fOtAT" Beﬁvs(o)CSde ¥ and
ngT" 565”5(0)5SdW51 A are true QM -martingales. Boundedness of the claim C implies that for
every n € N
T
28101 > [ /t

NTn

o) S r
e’ 25(5—%)%’}?/\%} + Egawe [/
t

NTn

52
eﬁw<c)25t2dt‘ ;Wn} _
Hence for g > K.,

- K T 2 T
9680l 5 o=BlCloe BB . ”)E@A,y* [ / Cfdt' ;TATn]+6—BC|Loo5 Egaoe { / 5gdt' fwn] ,
t t

NTn, 2 NTn

Letting n — +o00 and taking supremum with respect to stopping times implies that ( f(f CudWZ”*) 017
teo,

t 1,A A .
and (fo Oy dW >t€[0 . are BMO(QM )-martingales.

)

To show then that measure Q™" has finite entropy, it remains to prove that Eg v [ f(;[ qStht]
and Egx .- [fOT /\fdt] are finite. For this, note that

g LT 22— [T aw?? [ o
EQ)\,:/* |:/0 (btdt:l = EQ)"¢ I:e_2 fo Ve 6t t—fo Yt CedW; A ¢tdt:| . (68)

Thanks to Lemma 2.1 and the uniform boundedness of (7;):c[0,77; <f0t quudWM’)t o is BMO(QM?)-
€

)

martingale. By Theorem 3.1 of [22], there exists a constant p > 1 such that

Egas [e*% ()T'YtQCtht*ﬁfoT’Ytgtsz2’¢] < 0. (69)
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Another application of Holder’s inequality in (68) gives that its terms are finite if and only if
q

Egxs [(foT qb?dt) } is finite, where % + % = 1. However, this is guaranteed by Assumption 1.1 and

item (i).

The same arguments prove that Ega..« UOT )\%dt] < 00.

APPENDIX B

Proposition B.1. Impose Assumptions 1.1 and 3.1 and assume that (Cy, z¢,0:¢) and (C}, z;,0;) are
solutions of the following BSDE'’s

dCy = f(t,z)dt + 0, dW}! + zdW?2, Cp=C
dC, = f'(t,z)dt + 0,dW} + 2, dW?, Cp=C'
where sup |Cy|, sup |Ci| € L>®(Fr), with C < C' a.s., (W}, W?) is a 2-dimensional Brownian

te[0,T te[0,7)
motion, f:Q x[0,T] x P — R is given by

Gt Vet + gide | (Pr — ¢r)? ( 1 >
t,zy) = —zf — z + G, —
fit2) 27 T yta 2 Yyt
where sup |G| € L°(Fr) and f': Q x [0,T] x P — R is a smooth random function for which
te[0,7
ft,ze) < fl(t,z), as. (70)

Then, Cy < C}, a.s. for every t € [0,T].
Proof.
t t
Ci—Cl—(Co—Cl) = / (F(s,2L) — f/(s, 21))ds + / (2 — 2})dW2
0 0
t t
4 / (F(s,25) — f(5,2))ds + / (6, — )W}
0 0

We then observe that

fz) = f(tz) = G =D — (2 —2
= (2 —2)Ky

)’Wt + g19¢
Yt + Gt

where K; = Gt (2+2]) — %. Now K € P2 by Lemma 2.1 and the uniform boundness of v and
g. Hence, QM is a martingale measure and therefore C; — C} — (Co — C}) — f(f(f(s, 20— f'(s, 2L))ds
is a true QM%-martingale (see also the proof of Theorem 2.1). Taking expectation under QM* and

exploiting the assumed inequality (70) gives the intended inequality of the solutions. O



FORWARD EXPONENTIAL PERFORMANCES: PRICING AND OPTIMAL RISK SHARING 31

REFERENCES

Anthropelos, M., Zitkovié, G.: On agents’ agreement and partial equilibrium pricing in incomplete markets.
Mathematical Finance 20, no. 3, 411-446 (2010)

Barrieu, P., El Karoui, N.: Optimal derivatives design under dynamic risk measures, Article in Mathematics of
Finance, Contemporary Mathematics (AMS Proceedings) 13—-26 (2004)

Barrieu, P., El Karoui, N.: Inf-convolution of risk measures and optimal risk transfer. Finance and Stochastics.
vol. 9, no. 2, 269-298 (2005)

Borch, K.: Equilibrium in reinsurance market. Econometrica. vol.30, no.3, 424-444 (1962)

Biihlmann, H., Jewell, W.S.: Optimal risk exchanges, Astin Bulletin, 10, 243-262 (1979)

Choulli, T., Stricker, C., Li, J.: Minimal Hellinger martingale measures of order ¢. Finance and Stochastics, 11,
399-427 (2007)

Detlefsen, K., Scandolo, G.: Conditional and dynamic convex risk measures. Finance and Stochastics, vol. 9, no.
3, 539-561 (2005)

El Karoui, N., Quenez, M.-C.: Dynamic programming and pricing of contingent claims in an incomplete market.
SIAM Journal on Control and Optimization 33, no. 1, 29-66 (1995)

El Karoui, N., M’Rad, M.: An exact connection between two solvable SDEs and a non linear utility stochastic
PDE. SIAM Journal on Financial Mathematics, vol. 4, 697-736, (2013)

Filipovi¢, D., Svindland, G.: Optimal capital and risk allocations for law- and cash-invariant convex functions.
Finance and Stochastics, 12, 423-439, (2008)

Follmer and Scheid a.:Convex measures of risk and trading constraints. Finance and Stochastics, vol. 6, no. 4,
429-447 (2002)

Frittelli, M.: The minimal entropy martingale measure and the valuation problem in incomplete markets. Math-
ematical Finance, 10, 39-52 (2000)

Gianin, E.R.: Risk measures via g-expectations. Insurance Mathematics and Economics 39, 19-34 (2006)

He, H., Pearson, N.D.: Consumption and portfolio policies with incomplete markets and short-sale constraints:
The infinite dimensional case. Journal of Economic Theory, 54 259-304 (1991)

Henderson, V. and Hobson, D.: Horizon-unbiased utility functions. Stochastic Processes and Applications, 117,
1621-1641 (2007)

Henderson, V., Hobson, D.: Utility indifference pricing: An overview. In Indifference Pricing: Theory and
Applications Ed. R. Carmona, 44-74 (2008)

Herstein, I. N., Milnor, J.: An axiomatic approach to measurable utility. Econometrica, (21) 291-297 (1953)
Hodges, S., Neuberger, A.: Optimal replication of contingent claims under transaction costs. Review of Future
Markets, vol. 8, 222-239 (1989)

Jouini, E., Schachermayer, W., Touzi N.: Optimal risk sharing for law invariant monetary utility functions.
Mathematical Finance, 2 vol. 18, 269-292 (2008)

Ilhan, A., M. Jonsson, R. Sircar: Optimal investment with derivative securities. Finance and Stochastics, 9 (4),
585-595 (2005)

Karatzas, 1., Lehoczky, J.P.; Shreve, S.E.,; Xu G.L.: Martingale and duality methods for utility maximization in
an incomplete market. STAM Journal on Control and Optimization 29, 702-730, (1991)

Kazamaki, N.: Continuous Ezponential Martingales and BMO. Lectures Notes in Math. 1579. Springer, New
York (1994)



32

23]

24]

(25]

(26]

27]

(28]

29]

(30]

(31]

32]

FORWARD EXPONENTIAL PERFORMANCES: PRICING AND OPTIMAL RISK SHARING

Kloéppel, N., Schweizer, M. : Dynamic utility indifference valuation via convex risk measures. Mathematical
Finance, 17, 599-627 (2007)

Kramkov, D., Schachermayer, W.: Necessary and sufficient conditions in the problem of optimal investment in
incomplete markets. Annals of Applied Probability, Vol. 13, No. 4, 1504-1516, (2003)

Leung, T., Sircar, R., Zariphopoulou, T.: Forward indifference valuation of American options. Stochastics 84
(5-6), 741-770, (2012)

Mania, M., Schweizer, M.: Dynamic exponential utility indifference valuation. Annals of Applied Probability 15,
no. 3, 2113-2143 (2005)

Merton, R.C.: Lifetime portfolio selection under uncertainty: The continuous-time case. Review of Economoic
and Statistics, 52, 247-257 (1969)

Merton, R.C.: Optimum consumption and portfolio rules in a continuous-time model. Journal of Economic
Theory, 3, 373-413 (1971)

Musiela, M., Sokolova, E., Zariphopoulou, T.: Indifference valuation under forward valuation criteria: The case
study of the binomial model. STAM Journal on Financial Mathematics, to appear (2010).

Musiela, M., Zariphopoulou, T.: An example of indifference prices under exponential preferences, Finance and
Stochastics, 8 (2004) 229-239.

Musiela, M., Zariphopoulou, T.: Investment and valuation under backward and forward dynamic exponential
utilities in a stochastic factor model. Advances in Mathematical Finance, 303-334 (2007)

Musiela, M., Zariphopoulou, T.: Optimal asset allocation under forward exponential performance criteria.
Markov Processes and Related Topics: A Festschrift for Thomas G. Kurtz, 285-300 (2008)

Musiela, M., Zariphopoulou, T.: Portfolio choice under dynamic investment performance criteria. Quantitative
Finance 9, 161-170 (2009)

von Neumann, J., Morgenstern, O.: Theory of games and economic behavior. 2nd Ed. Princeton University Press,
Princeton, NJ (1947)

Peng, S.: Nonlinear expectations, nonlinear evaluations and risk measures. Stochastic methods in finance. Lec-
tures Notes in Mathematics, Springer, 165-254 (2004)

Samuelson, P.: Lifetime portfolio selection by dynamic stochastic programming. The Review of Economics and
Statistics, 3, vol. 51 239-246 (1969)

Sircar, R., Zariphopoulou, T.: Bounds and asymptotic approximations for utility prices when volatility is random.
SIAM Journal of Control and Optimization, 4, vol. 43 1328-1353 (2005)

Schachermayer, W.: Utility Maximisation in Incomplete Markets. In: Stochastic Methods in Finance, (M. Fritelli,
W. Runggaldier, eds.). Springer Lecture Notes in Mathematics, vol. 1856, 225-288 (2004)

Soner H.M., Touzi N.: Dynamic programming for stochastic target problems and geometric flows. Journal of the
European Mathematical Society, 8, 201-236 (2002)

Tobin, J.: The theory of portfolio selection. In: The Theory of Interest Rates, (F. H. Hahn, F. P. R. Brechling,
eds.) MacMillan Co., London (1965)

Zariphopoulou, T.: Optimal asset allocation in a stochastic factor model - an overview and open problems.
Advanced Financial Modelling, Radon Series Comp. Appl. Math, 8, 427-453 (2009)

Zariphopoulou, T., Zitkovié¢, G.: Maturity-Independent Risk Measures. SITAM Journal on Financial Mathematics,
vol.1, 266-288 (2010)

Zitkovi¢, G.: A dual characterization of self-generation and exponential forward performances. Annals of Applied

Probability 19, no. 6, 2176-2210 (2009)



